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A QUIVER CONSTRUCTION OF SYMMETRIC CRYSTALS
NAOYA ENOMOTO
Abstract. In the papers [EK1], [EK2] and [EK3] with Masaki Kashiwara, the author
introduced the notion of symmetric crystals and presented the Lascoux-Leclerc-Thibon-
Ariki type conjectures for the affine Hecke algebras of type B. Namely, we conjectured
that certain composition multiplicities and branching rules for the affine Hecke algebras
of type B are described by using the lower global basis of symmetric crystals of Vθ(λ). In
the present paper, we prove the existence of crystal bases and global bases of Vθ(0) for any
symmetric quantized Kac-Moody algebra by using a geometry of quivers (with a Dynkin
diagram involution). This is analogous to George Lusztig’s geometric construction of U−
v
and its lower global basis.
1. Introduction
1.1. Let KAHAn be the Grothendieck group of the affine Hecke algebra Hn(q) of type An
and set KAHA =
⊕
n≥0K
AHA
n . Generalizing the LLT conjecture [LLT] for the Hecke algebra
of type A, S. Ariki [Ari] proved that KAHA⊗ZC is isomorphic to U
−(g) as U−(g)-modules.
Here g = ŝlℓ−1 or gl∞ according that the parameter q of the affine Hecke algebras of type
A is a primitive ℓ-th root of unity or not a root of unity. This isomorphism sends the
irreducible modules of the affine Hecke algebras to the specialization of the upper global
basis of U−v (g) at v = 1. His proof is based on two results in the geometric representation
theory. One is the equivariant K-theoretic description of the irreducible and standard
modules of the affine Hecke algebras by Chriss-Ginzburg and Kazhdan-Lusztig, and the
other is G. Lusztig’s geometric construction [Lus1] of the lower global basis of U−v (g).
Lusztig’s theory is summarized as follows.
Let g be a symmetric Kac-Moody algebra and I an index set of simple roots of g. For
a fixed set of arrows Ω, we consider (I,Ω) as a (finite) oriented graph. We call (I,Ω) a
quiver. For an I-graded vector space V, we define the moduli space of representations of
quiver (I,Ω) by
EV,Ω =
⊕
i
Ω
−→j
Hom(Vi,Vj).
The algebraic group GV =
∏
i∈I GL(Vi) acts on EV,Ω. Lusztig introduced a certain full
subcategory QV,Ω of D(EV,Ω) where D(EV,Ω) is the bounded derived category of con-
structible complexes of sheaves on EV,Ω (for the definition, see section 3). Let K(QV,Ω)
be the Grothendieck group of QV,Ω. He constructed the induction operators fi and the
restriction operators e′i on the Grothendieck group KΩ := ⊕VK(QV,Ω), where V runs over
the isomorphism classes of I-graded vector spaces. He proved the following theorem.
Theorem 1.1 (Lusztig).
(i) The operators e′i and fi define the action of the reduced v-analogue Bv(g) of g on
KΩ ⊗Z[v,v−1] Q(v), and KΩ ⊗Z[v,v−1] Q(v) is isomorphic to U
−
v (g) as a Bv(g)-module.
The author is partially supported by JSPS Research Fellowships for Young Scientists.
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The involution induced by the Verdier duality functor coincides with the bar involution
on U−v (g).
(ii) The simple perverse sheaves in
⊕
V
QV,Ω give the lower global basis of U
−
v (g).
1.2. Recently in [EK1] and [EK2] with M. Kashiwara, the author presented an analogue of
the LLTA conjecture for the affine Hecke algebra of type B. In [EK2], we considered Uv(g)
and its Dynkin diagram involution θ and constructed an analogue Bθ(g) of the reduced
v-analogue Bv(g) (for the definition, see Definition 2.9 below). We gave a Bθ(g)-module
Vθ(λ) for a dominant integral weight λ such that θ(λ) = λ, which is an analogue of the
Bv(g)-module U
−
v (g) (for the definition, see Definition 2.10 below). We defined the notion
of symmetric crystals and conjectured the existence of the global basis. In the case g = gl∞,
I = Zodd, θ(i) = −i and λ = 0, we constructed the PBW type basis and the lower (and
upper) global basis parametrized by the θ-restricted multi-segments. We conjectured that
irreducible modules of the affine Hecke algebras of type B are described by the global basis
associated to the symmetric crystals.
1.3. In this paper, we construct the lower global basis for the symmetric crystals by
using a geometry of quivers (with a Dynkin diagram involution). Hence for any symmetric
quantized Kac-Moody algebra Uv(g), we establish the existence of a crystal basis and a
global basis for Vθ(0).
We introduce the notion of θ-quivers. This is a quiver (I,Ω) with an involution θ : I → I
(and θ : Ω → Ω) satisfing some conditions (see Definition 4.1). This notion is partially
motivated by Syu Kato’s construction [Kt] of the irreducible representations of the affine
Hecke algebras of type B.
We also introduce the θ-symmetric I-graded vector spaces. This is an I-graded vector space
V = (Vi)i∈I endowed with a non-degenerate symmetric bilinear form such that Vi and Vj
are orthogonal if j 6= θ(i). For a θ-quiver (I,Ω) and a θ-symmetric I-graded vector space
V, we define the moduli space θEV,Ω of representations of (I,Ω) adding a skew-symmetric
condition on EV,Ω with respect to the involution θ.
Similarly to Lusztig’s arguments, we consider a certain full subcategory θQV,Ω of D(
θEV,Ω)
and its Grothendieck group θKV,Ω. We define the induction operators Fi and the restriction
operators Ei on
θKΩ := ⊕V
θKV,Ω where V runs over the isomorphism classes of the θ-
symmetric I-graded vector spaces. We prove the following main theorem which is an
analogous result of Theorem 1.1.
Theorem 1.2 (Theorem 5.12). θKΩ ⊗Z[v,v−1] Q(v) ∼= Vθ(0) as Bθ(g)-modules. The simple
perverse sheaves in θKΩ give a lower global basis of Vθ(0).
Though Lusztig proved Theorem 1.1 using some inner product on KΩ, we prove Theorem
1.2 using a criterion of crystals (Theorem 2.14) and certain estimates for the actions of Ei
and Fi on simple perverse sheaves (Theorem 5.3).
This paper is organized as follows.
In section 2, we recall some results on the quantum enveloping algebras, the theory of the
crystal bases and the global bases, the notion of symmetric crystals and known results of
perverse sheaves and Fourier-Sato-Deligne transforms. Especially, we recall an important
criterion of crystals in Theorem 2.14. We use this in our proof of existence of the crystal
basis of Vθ(0).
In section 3, we give a quick review on Lusztig’s construction of U−v (g) and its lower global
basis.
In section 4, we introduce the notion of θ-quivers and θ-symmetric I-graded vector spaces.
We define the category θQV,Ω and the induction operators Fi and the restriction operators
2
Ei. We calculate actions of Ei and Fi on
θQV,Ω. We also prove that Ei and Fi commute
with the Fourier-Sato-Deligne transforms.
In section 5, we introduce the Grothendieck group θKΩ and show three key results. First,
we calculate the commutation relations of Ei and Fi. Second, we give certain estimates
of coefficients with respect to the action of Ei and Fi on simple perverse sheaves. These
estimates satisfy the condition in Theorem 2.14. Third, we prove the invariance of simple
perverse sheaves with respect to the Verdier duality functor. Combining these results we
prove the main theorem.
Remark 1.3. We give two remarks on a difference from the ”folding” procedure and an
overlap with perverse sheaves arising from graded Lie algebras by Lusztig.
(i) Our construction is completely different from Lusztig’s construction, ”Quiver with
automorphisms”, in his book [Lus3, Chapter.12-14].
He considered actions a : I → I and a : H → H induced from a finite cyclic
group C generated by a. Put an orientation Ω such that out(a(h)) = a(out(h)) and
in(a(h)) = a(in(h)). He said this orientation ”compatible”. Let Va be the category of
I-graded vector spaces V such that dimVi = dimVa(i) for any i ∈ I. For V ∈ V
a, a
induces a natural automorphism on EV,Ω and a functor a
∗ : D(EV,Ω)→ D(EV,Ω). He
introduced ”C-equivariant” simple perverse sheaves (B, φ), where B is a perverse sheaf
on EV,Ω and φ : a
∗B ∼= B. Then he proved that the set ⊔V∈VaBV,Ω of C-equivariant
perverse sheaves gives a lower global basis of U−v (g). Here g has a non-symmetric
Cartan matrix which is obtained by the ”folding” procedure with respect to the C-
action on I.
But in our construction, a θ-orientation is not a compatible orientation. Moreover the
most essential difference is that his construction has no skew-symmetric condition in
our sence. Hence the set of simple perverse sheaves θPV,Ω and the space
θKΩ⊗Z[v,v−1]
Q(v) ∼= Vθ(0) are different from BV,Ω and U
−
v (g), respectively. The explicit crystal
structure of Vθ(0) is unknown except for the case g = gl∞, I = Zodd and θ(i) = −i in
[EK2].
(ii) In some special case, the lower global basis constructed in this paper is obtained by
Lusztig ([Lus4] and [Lus5]). Let us consider the case G = SO(2n,C). Let g be the Lie
algebra of G and T a fixed maximal torus of G. Set ε2i−1 (1 ≤ i ≤ n) the fundamental
characters of T . Asuume q ∈ C∗ is not a root of unity. We choose a semisimple element
s ∈ T such that ε2i−1(s) ∈ q
Zodd,≥0 for any i and put d2i−1 = {j|ε2j−1(s) = q
2i−1}.
Then the centralizer G(s) of s acts on
g2 := {X ∈ g | sXs
−1 = q2X}
which has finitely many G(s)-oribits. Lusztig considered the category Q(g2) of
semisimple G(s)-equivariant complex on g2 and constructed the canonical basis B(g2)
of K(g2) which is the Grothendieck group of Q(g2).
On the other hand, let us consider the θ-symmetric vector space V such that wt(V) =∑n
i=1 d2i−1(α2i−1+α−2i+1) and the following θ-quiver of type A2n and the θ-orientation
Ω:
◦ //tt
θ
**· · · // ◦ //vv ((◦ //vv ((◦ //
xx &&
◦ // ◦ // ◦ // · · · // ◦
−2n+ 1 −5 −3 −1 1 3 5 2n− 1
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In this case, we have G(s) =
∏n
i=1GL(d2i−1) =
θGV and g2 ∼=
θEV,Ω. Thus the set
θPV,Ω of simple perverse sheaves conincide with B(g2).
Acknowledgements. I would like to thank Masaki Kashiwara, Georg Lusztig, Susumu
Ariki, Syu Kato and Yuichiro Hoshi. Masaki Kashiwara guided me to Lusztig’s geometric
theory and gave me many advises, comments and patient encouragement. George Lusztig
pointed out the relations between his work and this paper. Syu Kato also commented
on this paper and guided me to his geometric representation theory of AHA of type Cn
and certain quiver presentations. Susumu Ariki gave me some comments and encourage-
ment. Yuichiro Hoshi taught me basic concepts, examples and some techniques in algebraic
geometry and derived categories till midnights at RIMS.
2. Preliminaries
2.1. Quantum enveloping algebras.
2.1.1. Quantum enveloping algebras and reduced v-analogue. We shall recall the quantized
universal enveloping algebra Uv(g). In this paper, we treat only the symmetric Cartan
matrix case. Let I be an index set (for simple roots), and Q the free Z-module with a
basis {αi}i∈I . Let ( • , • ) : Q×Q→ Z be a symmetric bilinear form such that (αi, αi) = 2
and (αi, αj) ∈ Z≤0 for i 6= j. Let v be an indeterminate and set K :=Q(v). We define its
subrings A0, A∞ and A as follows.
A0 = {f ∈ K | f is regular at v = 0} ,
A∞ = {f ∈ K | f is regular at v =∞} ,
A = Q[v, v−1].
Definition 2.1. The quantized universal enveloping algebra Uv(g) is the K-algebra gen-
erated by elements ei, fi and invertible elements ti (i ∈ I) with the following defining
relations.
(1) The ti’s commute with each other.
(2) tjei t
−1
j = v
(αj ,αi) ei and tjfit
−1
j = v
−(αj ,αi)fi for any i, j ∈ I.
(3) [ei, fj] = δij
ti − t
−1
i
v − v−1
for i, j ∈ I.
(4) (v-Serre relation) For i 6= j,
b∑
k=0
(−1)ke
(k)
i eje
(b−k)
i = 0,
b∑
k=0
(−1)kf
(k)
i fjf
(b−k)
i = 0.
Here b = 1− (αi, αj) and
e
(k)
i = e
k
i /[k]v! , f
(k)
i = f
k
i /[k]v! , [k]v = (v
k − v−k)/(v − v−1) , [k]v! = [1]v · · · [k]v .
Let us denote by U−v (g) the subalgebra of Uv(g) generated by the fi’s.
Let e′i and e
∗
i be the operators on U
−
v (g) defined by
[ei, a] =
(e∗i a)ti − t
−1
i e
′
ia
v − v−1
(a ∈ U−v (g)).
These operators satisfy the following formulas similar to derivations:
e′i(ab) = (e
′
ia)b+ (Ad(ti)a)e
′
ib.
The algebra U−v (g) has a unique symmetric bilinear form ( • , • ) such that (1, 1) = 1 and
(e′ia, b) = (a, fib) for any a, b ∈ U
−
v (g).
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It is non-degenerate. The left multiplication operator fj and e
′
i satisfy the commutation
relations
e′ifj = v
−(αi,αj)fje
′
i + δij , e
∗
i fj = fje
∗
i + δij Ad(ti),
and the e′i’s satisfy the v-Serre relations.
Definition 2.2. The reduced v-analogue Bv(g) of g is the Q(v)-algebra generated by e
′
i and
fi.
2.1.2. Review on crystal bases and global bases of U−v . Since e
′
i and fi satisfy the v-boson
relation, any element a ∈ U−v (g) can be uniquely written as
a =
∑
n≥0
f
(n)
i an with e
′
ian = 0.
Here f
(n)
i =
fni
[n]v!
.
Definition 2.3. We define the modified root operators e˜i and f˜i on U
−
v (g) by
e˜ia =
∑
n≥1
f
(n−1)
i an, f˜ia =
∑
n≥0
f
(n+1)
i an.
Theorem 2.4 ([Ka1]). We define
L(∞) =
∑
ℓ≥0, i1,...,iℓ∈I
A0f˜i1 · · · f˜iℓ · 1 ⊂ U
−
v (g),
B(∞) =
{
f˜i1 · · · f˜iℓ · 1 mod vL(∞) | ℓ ≥ 0, i1, · · · , iℓ ∈ I
}
⊂ L(∞)/vL(∞).
Then we have
(1) e˜iL(∞) ⊂ L(∞) and f˜iL(∞) ⊂ L(∞),
(2) B(∞) is a basis of L(∞)/vL(∞),
(3) f˜iB(∞) ⊂ B(∞) and e˜iB(∞) ⊂ B(∞) ∪ {0}.
We call (L(∞), B(∞)) the crystal basis of U−v (g).
Definition 2.5. We define εi(b) := max{m ∈ Z≥0|e˜
m
i b 6= 0} for i ∈ I and b ∈ B(∞).
Let − be the automorphism of K sending v to v−1. Then A0 coincides with A∞.
Let V be a vector space over K, L0 an A-submodule of V , L∞ an A∞- submodule, and
VA an A-submodule. Set E := L0 ∩ L∞ ∩ VA.
Definition 2.6 ([Ka1]). We say that (L0, L∞, VA) is balanced if each of L0, L∞ and
VA generates V as a K-vector space, and if one of the following equivalent conditions is
satisfied.
(1) E → L0/vL0 is an isomorphism,
(2) E → L∞/v
−1L∞ is an isomorphism,
(3) (L0 ∩ VA)⊕ (v
−1L∞ ∩ VA)→ VAis an isomorphism.
(4) A0⊗QE → L0, A∞⊗QE → L∞,A⊗QE → VA and K⊗QE → V are isomorphisms.
Let − be the ring automorphism of Uv(g) sending v, ti, ei, fi to v
−1, t−1i , ei, fi.
Let Uv(g)A be the A-subalgebra of Uv(g) generated by e
(n)
i , f
(n)
i and ti. Similarly we
define U−v (g)A.
Theorem 2.7. (L(∞), L(∞)−, U−v (g)A) is balanced.
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Let
Glow : L(∞)/vL(∞)
∼
−→E := L(∞) ∩ L(∞)− ∩ U−v (g)A
be the inverse of E
∼
−→L(∞)/vL(∞). Then
{
Glow(b) | b ∈ B(∞)
}
forms a basis of U−v (g).
We call it a (lower) global basis. It is first introduced by G. Lusztig ([Lus1]) under the
name of “canonical basis” for the A, D, E cases.
Definition 2.8. Let
{Gup(b) | b ∈ B(∞)}
be the dual basis of
{
Glow(b) | b ∈ B(∞)
}
with respect to the inner product ( • , • ). We call
it the upper global basis of U−v (g).
2.2. Symmetric Crystals. Let θ be an automorphism of I such that θ2 = id and
(αθ(i), αθ(j)) = (αi, αj). Hence it extends to an automorphism of the root lattice Q by
θ(αi) = αθ(i), and induces an automorphism of Uv(g).
Definition 2.9. Let Bθ(g) be the K-algebra generated by Ei, Fi, and invertible elements
Ti(i ∈ I) satisfying the following defining relations:
(i) the Ti’s commute with each other,
(ii) Tθ(i) = Ti for any i,
(iii) TiEjT
−1
i = v
(αi+αθ(i),αj)Ej and TiFjT
−1
i = v
(αi+αθ(i),−αj)Fj for i, j ∈ I,
(iv) EiFj = v
−(αi,αj)FjEi + (δi,j + δθ(i),jTi) for i, j ∈ I,
(v) the Ei’s and the Fi’s satisfy the v-Serre relations.
We set F
(n)
i = F
n
i /[n]v!.
Proposition 2.10 ([EK2, Proposition2.11.]). Let
λ ∈ P+ := {λ ∈ Hom(Q,Q) | λ(αi) ∈ Z≥0 for any i ∈ I}
be a dominant integral weight such that θ(λ) = λ.
(i) There exists a Bθ(g)-module Vθ(λ) generated by a non-zero vector φλ such that
(a) Eiφλ = 0 for any i ∈ I,
(b) Tiφλ = v
(αi,λ)φλ for any i ∈ I,
(c) {u ∈ Vθ(λ) | Eiu = 0 for any i ∈ I} = Kφλ.
Moreover such a Vθ(λ) is irreducible and unique up to an isomorphism.
(ii) There exists a unique non-degenerate symmetric bilinear form ( • , • ) on Vθ(λ) such
that (φλ, φλ) = 1 and (Eiu, v) = (u, Fiv) for any i ∈ I and u, v ∈ Vθ(λ).
(iii) There exists an endomorphism − of Vθ(λ) such that φλ = φλ and av = a¯v¯, Fiv = Fiv¯
for any a ∈ K and v ∈ Vθ(λ).
Hereafter we assume further that
there is no i ∈ I such that θ(i) = i.
In [EK2], we conjectured that Vθ(λ) has a crystal basis. This means the following. Since
Ei and Fi satisfy the v-boson relation EiFi = v
−(αi,αi)FiEi+1, we define the modified root
operators:
E˜i(u) =
∑
n≥1
F
(n−1)
i un and F˜i(u) =
∑
n≥0
F
(n+1)
i un,
when writing u =
∑
n≥0 F
(n)
i un with Eiun = 0. Let Lθ(λ) be the A0-submodule of Vθ(λ)
generated by F˜i1 · · · F˜iℓφλ (ℓ ≥ 0 and i1, . . . , iℓ ∈ I), and let Bθ(λ) be the subset{
F˜i1 · · · F˜iℓφλ mod vLθ(λ) | ℓ ≥ 0, i1, . . . , iℓ ∈ I
}
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of Lθ(λ)/vLθ(λ).
Conjecture 2.11. Let λ be a dominant integral weight such that θ(λ) = λ.
(1) F˜iLθ(λ) ⊂ Lθ(λ) and E˜iLθ(λ) ⊂ Lθ(λ),
(2) Bθ(λ) is a basis of Lθ(λ)/vLθ(λ),
(3) F˜iBθ(λ) ⊂ Bθ(λ), and E˜iBθ(λ) ⊂ Bθ(λ) ⊔ {0},
(4) F˜iE˜i(b) = b for any b ∈ Bθ(λ) such that E˜ib 6= 0, and E˜iF˜i(b) = b for any b ∈ Bθ(λ).
Moreover we conjectured that Vθ(λ) has a global crystal basis. Namely we have
Conjecture 2.12. (Lθ(λ), Lθ(λ), Vθ(λ)
low
A
) is balanced. Here Vθ(λ)
low
A
:= U−v (g)Aφλ.
Example 2.13. Suppose g = gl∞, the Dynkin diagram involution θ of I defined by θ(i) =
−i for i ∈ I = Zodd.
· · · · · · ◦
xx
θ
&&
◦
xx &&
◦
zz $$
◦ ◦ ◦ · · · · · · .
−5 −3 −1 1 3 5
And assume λ = 0. In this case, we can prove
Vθ(0) ∼= U
−
v /
∑
i∈I
U−v (fi − fθ(i)).
Moreover we can construct a PBW type basis, a crystal basis and an upper and lower
global basis on Vθ(0) parametrized by ”the θ-restricted multisegments”. For more details,
see [EK2].
2.3. Criterion for crystals. LetK[e, f ] be the ring generated by e and f with the defining
relation ef = v−2fe + 1. We call this algebra the v-boson algebra. Let P be a free Z-
module, and let α be a non-zero element of P . LetM be aK[e, f ]-module. Assume thatM
has a weight decomposition M = ⊕ξ∈PMξ and eMλ ⊂ Mλ+α and fMλ ⊂ Mλ−α. Asuume
the following finiteness conditions:
for any λ ∈ P , dimMλ <∞ and Mλ+nα = 0 for n≫ 0.
Hence for u ∈ M , we can write u =
∑
n≥0 f
(n)un with eun = 0. We define endmorphisms
e˜ and f˜ of M by
e˜u =
∑
n≥1
f (n−1)un, f˜u =
∑
n≥0
f (n+1)un.
Let B be a crystal with weight decomposition by P in the following sense. We have
wt: B → P , f˜ : B → B, e˜ : B → B ⊔ {0} and ε : B → Z≥0 satisfying the following
properties, where Bλ = wt
−1(λ):
(i) f˜Bλ ⊂ Bλ−α and e˜Bλ ⊂ Bλ+α ⊔ {0} for any λ ∈ P ,
(ii) f˜ e˜b = b if e˜b 6= 0, and e˜ ◦ f˜ = idB,
(iii) for any λ ∈ P , Bλ is a finite set and Bλ+nα = φ for n≫ 0,
(iv) ε(b) = max{n ≥ 0 | e˜nb 6= 0} for any b ∈ B.
Set ord(a) = sup{n ∈ Z | a ∈ vnA0} for a ∈ K. We understand ord(0) =∞.
Let {G(b)}b∈B be a system of generators of M with G(b) ∈ Mwt(b). Asuume that we have
expressions:
eG(b) =
∑
b′∈B
Eb,b′G(b), fG(b) =
∑
b′∈B
Fb,b′G(b).
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Now consider the following conditions for these data, where ℓ = ε(b) and ℓ′ = ε(b′):
ord(Fb,b′) ≥ 1− ℓ
′,(2.1)
ord(Eb,b′) ≥ −ℓ
′,(2.2)
Fb, efb ∈ v
−ℓ(1 + vA0),(2.3)
Eb, efb ∈ v
1−ℓ(1 + vA0),(2.4)
ord(Fb,b′) > 1− ℓ
′ if ℓ < ℓ′ and b′ 6= f˜ b,(2.5)
ord(Eb,b′) > −ℓ
′ if ℓ < ℓ′ + 1 and b′ 6= e˜b.(2.6)
Theorem 2.14 ([EK2, Theorem 4.1, Corollary 4.4]). Assume the conditions (2.1)–(2.6).
Let L be the A0-submodule
∑
b∈BA0G(b) of M . Then we have e˜L ⊂ L and f˜L ⊂ L.
Moreover we have
e˜G(b) ≡ G(e˜b) mod vL, f˜G(b) ≡ G(f˜ b) mod vL
for any b ∈ B. Here we understand G(0) = 0.
In [EK2], this theorem is proved under more general assumptions.
2.4. Perverse Sheaves.
2.4.1. Perverse Sheaves. In this paper, we consider algebraic varieties over C. Let D(X)
be the bounded derived category of constructible complexes of sheaves on an algebraic
variety X . We denote by D≤0(X) (resp. D≥0(X)) the full subcategory of D(X) consisting
of objects L satisfying Hk(L) = 0 for k > 0 (resp. k < 0). Put D≤n = D≤0[−n] and
D≥n = D≥0[−n].
For a morphism f : X → Y of algebraic varieties X and Y , let f ∗ be the inverse image, f!
the direct image with proper support and D : D(X)→ D(X) the Verdier duality functor.
Lemma 2.15.
(i) Suppose that f : X → Y is smooth with the fiber dimension d. Then D(f ∗L) ∼=
f ∗D(L)[2d] for L ∈ D(Y ).
(ii) Suppose that f : X → Y is proper. Then D(f!L) ∼= f!D(L) for L ∈ D(X).
Let (pD≤0(X), pD≥0(X)) be the perverse t-structure and Perv(X):=pD≤0(X)∩pD≥0(X).
Lemma 2.16. Suppose L ∈ pD≤0(X) and K ∈ pD≥0(X), then Hj(RHom(L,K)) = 0 for
j < 0, namely RHom(L,K) ∈ D≥0(X).
Let pHk( ) be the k-th perverse cohomology sheaf. We say that an object L in D(X)
is semisimple if L is isomorphic to the direct sum ⊕k
pHk(L)[−k] and if each pHk(L) is a
semisimple perverse sheaf. Assume that we are given an action of a connected algebraic
group G on X . A semisimple object L in D(X) is said to be G-equivariant if each pH i(L)
is a G-equivariant perverse sheaf.
Lemma 2.17.
(i) Suppose that f : X → Y is smooth with connected fibers of dimension d. Then we
have a fully faithful functor Perv(Y )→ Perv(X) given by K 7→ f ∗K[d]. Moreover if
K is simple, then f ∗K[d] is simple.
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(ii) Let G be a connected algebraic group of dimension d and PervG(X) the category of
G-equivariant perverse sheaves. Suppose that f : X → Y is a principal G-bundle.
The functors
Perv(Y )→ PervG(X) : K 7→ f
∗K[d]
and
PervG(X)→ Perv(Y ) : L 7→ (
pH−df∗L)
define an equivalence of categories, quasi-inverse to each other.
Moreover if K is a semisimple object of D(Y ), then f ∗K is a G-equivariant semisim-
ple object in D(X). Conversely, if L is a G-equivariant semisimple object of D(X),
then there is a unique semisimple object K ∈ D(Y ) such that L ∼= f ∗K.
We denote by 1X the constant sheaf on X .
Lemma 2.18 ([BBD], [Lus3]).
(1) Let f : X → Y be a projective morphism with X smooth. Then f!1X ∈ D(Y ) is
semisimple.
(2) Let f : X → Y be a morphism. Assume that there exists a partition X = X0 ⊔ X1 ⊔
· · · ⊔ Xm such that X≤j = X0 ∪ X1 ∪ · · · ∪ Xj is closed for j = 0, 1, . . . , m. Assume
that, for each j, the restriction fj : Xj → Y of f decomposes as Xj
f ′′j
−→ Zj
f ′j
−→ Y such
that Zj is smooth, f
′′
j is an affine bundle and f
′
j is projective. Then f!1X ∈ D(Y ) is
semisimple. Moreover, we have f!1X ∼=
⊕
j(fj)!1Xj .
2.4.2. Simple objects. Let Y be an irreducible variety and U a Zariski open subset of Y .
Set Z := Y \U and i : Z →֒ Y .
Proposition 2.19. For F ∈ Perv(U), there exists a unique perverse sheaf πF on Y satis-
fying
(i) πF |U ∼= F ,
(ii) i∗(πF ) ∈ pD≤−1(Z),
(iii) i!(πF ) ∈ pD≥1(Z).
We call πF the minimal extension of F . We have the following properties of the minimal
extension:
(1) πF has neither non-trivial subobject nor non-trivial quotient object whose support is
contained in Z.
(2) If F is simple, then πF is simple.
(3) For the Verdier duality functors DY and DU , we have DY (
πF ) ∼= π(DU(F )).
Let X be a variety, Y an irreducible locally closed smooth subvariety of X . For a simple
local system L on Y , the minimal extension πL[dimY ] is called the intersection cohomology
complex of Y . We can regard πL[dim Y ] as a simple perverse on X whose support is the
closure Y of Y . Conversely, any simple object in Perv(X) is obtained in this way.
Theorem 2.20 ([BBD]). For a simple perverse sheaf F on X, there exist an irreducible
closed subvariety Y and an simple local system L on Y such that F ∼= πL[dimY ]. Moreover,
for simple perverse sheaves F1 and F2, we have Ext
0(F1,F2) = HomPerv(X)(F1,F2) = C or
0 according that F1 and F2 are isomorphic or not.
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2.4.3. Fourier-Sato-Deligne transforms. Let E → S be a vector bundle and E∗ → S the
dual vector bundle. Hence C× acts on E and E∗. We say that L ∈ D(E) is monodromic
if Hj(L) is locally constant on every C∗-orbit of E. Let Dmono(E) be the full subcategory
of D(E) consisting of monodromic objects. Then we can define the Fourier transform
ΦE/S : Dmono(E)→ Dmono(E
∗).
We will use the following properties of Φ.
Proposition 2.21 (e.g. [KS], [Lau]).
(1) For K ∈ Dmono(E), we have ΦE∗/S ◦ ΦE/S(K) ∼= a
∗K, where a : E → E is the multi-
plication by −1 on each fiber of E.
(2) For a perverse sheaf K ∈ Dmono(E), ΦE/S(K) is a perverse sheaf in Dmono(E
∗).
(3) Let E1 and E2 be two vector bundles over S with rank r1 and r2. Let f : E1 → E2 be a
morphism of vector bundles and tf : E∗2 → E
∗
1 the transpose of f . Then we have
ΦE2/S ◦ f!
∼= (tf)∗ ◦ ΦE1/S[r2 − r1], (
tf)! ◦ ΦE2/S
∼= ΦE1/S ◦ f
∗[r1 − r2].
(4) Suppose that E1 → S1 and E → S are two vector bundles. If the following two diagrams
E1

fE // E

S1
ρ // S
E∗1

fE∗ // E∗

S1
ρ // S
are Cartesian, then we have
ΦE/S ◦ (fE)! ∼= (fE∗)! ◦ ΦE1/S1, ΦE1/S1 ◦ (fE)
∗ ∼= (fE∗)
∗ ◦ ΦE/S.
(5) The Fourier transforms commute with the Verdier duality functors.
2.5. Quivers. Let I and αi’s be as in 2.1.
Definition 2.22. A quiver (I,H) associated with the symmetric Cartan matrix is a fol-
lowing data:
(i) a set H,
(ii) two maps out, in : H → I such that out(h) 6= in(h) for any h ∈ H,
(iii) an involution h 7→ h¯ on H satisfying out(h¯) = in(h) and in(h¯) = out h,
(iv) ♯{h ∈ H| out(h) = i, in(h) = j} = −(αi, αj) for i 6= j.
An orientation of a quiver (I,H) is a subset Ω of H such that Ω∩Ω = φ and Ω∪Ω = H.
For a fixed orientation Ω, we call a vertex i ∈ I a sink if out(h) 6= i for any h ∈ Ω.
Definition 2.23. Let V be the category of I-graded vector spacesV = (Vi)i with morphisms
being linear maps respecting the grading. Put wt(V) =
∑
i∈I(dimVi)αi.
Let Si be an I-graded vector space such that wt(Si) = αi .
Definition 2.24. For V ∈ V and a subset Ω of H, we define
EV,Ω : =
⊕
h∈Ω
Hom(Vout(h),Vin(h)).
The algebraic group GV =
∏
i∈I GL(Vi) acts on EV,Ω by (g, x) 7→ gx where (gx)h =
gin(h)xhg
−1
out(h).
The group (C×)Ω also acts on EV,Ω by xh 7→ chxh (h ∈ Ω, ch ∈ C
×).
For x ∈ EV,Ω, an I-graded subspace W ⊂ V is x-stable if xh(Wout(h)) ⊂ Win(h) for any
h ∈ Ω.
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Note that ESi,Ω
∼= {pt}.
3. A Review on Lusztig’s Geometric Construction
We give a quick review on Lusztig’s theory in [Lus1] and [Lus2] (cf. [Lus3]). For a
sequence i = (i1, . . . , im) ∈ I
m and a sequence a = (a1, . . . , am) ∈ Z
m
≥0, a flag of type (i, a)
is by definition a finite decreasing sequence F = (V = F0 ⊃ F1 ⊃ · · · ⊃ Fm = {0}) of
I-graded subspaces of V such that the I-graded vector space Fℓ−1/Fℓ vanishes in degrees
6= iℓ and has dimension aℓ in degree iℓ. We denote by F˜i,a;Ω the set of pairs (x, F ) such
that x ∈ EV,Ω and F is an x-stable flag of type (i, a). The group GV acts on F˜i,a;Ω. The
first projection πi,a : F˜i,a;Ω → EV,Ω is a GV-equivariant projective morphism.
By Lemma 2.18, Li,a;Ω : = (πi,a)!(1 eFi,a;Ω) ∈ D(EV,Ω) is a semisimple complex. We define
PV,Ω as the set of the isomorphism classes of simple perverse sheaves L ∈ D(EV,Ω) sat-
isfying the following property: L appears as a direct summand of Li,a;Ω[d] for some d and
(i, a). We denote by QV,Ω the full subcategory of D(EV,Ω) consisting of all objects which
are isomorphic to finite direct sums of complexes of the form L[d] for various L ∈ PV,Ω
and various integers d. Any complex in PV,Ω is GV × (C
×)Ω-equivariant.
Let T,W,V be I-graded vector spaces such that wt(V) = wt(W) + wt(T). We consider
the following diagram
ET,Ω ×EW,Ω E′Ω
p1oo p2 // E′′Ω
p3 // EV,Ω.
Here E′′Ω is the variety of (x,W ) where x ∈ EV,Ω and W is an x-stable I-graded subspace
of V such that wtW = wtW. The variety E′Ω consists of (x,W, ϕ
W, ϕT) where (x,W ) ∈
E′′Ω, ϕ
W : W ∼= W , and ϕT : T ∼= V/W . The morphisms p1, p2 and p3 are given by
p1(x,W, ϕ
W, ϕT) = (x|T, x|W), p2(x,W, ϕ
W, ϕT) = (x,W ) and p3(x,W ) = x. Then p1 is
smooth with connected fibers, p2 is a principal GT×GW-bundle, and p3 is projective. For
a GT-equivariant semisimple complex KT and a GW-equivariant semisimple complex KW,
there exists a unique semisimple complex K ′′ satisfying p∗1(KT ⊠KW) = p
∗
2K
′′. We define
KT ∗KW : = (p3)!(K
′′) ∈ D(EV,Ω).
For an I-graded subspace U of V such that V/U ∼= T, we also consider the following
diagram
ET,Ω × EU,Ω E(U,V)Ω
poo   ι // EV,Ω.
Here E(U,V)Ω is the variety of x ∈ EV,Ω such that U is x-stable. For K ∈ D(EV,Ω), we
define ResT,U(K) : = p!ι
∗(K).
We define KV,Ω as the Grothendieck group of QV,Ω. It is the additive group generated
by the isomorphism classes (L) of objects L ∈ QV,Ω with the relation (L) = (L
′) + (L′′)
when L ∼= L′ ⊕ L′′. The group KV,Ω has a Z[v, v
−1]-module structure by v(L) = (L[1])
and v−1(L) = (L[−1]) for L ∈ QV,Ω. Hence, KV,Ω is a free Z[v, v
−1]-module with a basis
{(L)|L ∈ PV,Ω}. We define KΩ : =
⊕
V
KV,Ω where V runs over the isomorphism classes
of I-graded vector spaces. Recall that Si is an I-graded vector space such that wt(Si) = αi.
Then we can define the induction fi : KW,Ω → KV,Ω and the restriction e
′
i : KV,Ω → KW,Ω
by
fi(K) : = v
dimWi+
P
i
Ω
−→j
dimWj
(1Si ∗K), e
′
i(K) : = v
−dimWi+
P
i
Ω
−→j
dimWj
ResSi,V(K).
Then Lusztig’s main theorem is stated as follows.
Theorem 3.1 (Lusztig).
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(i) The operators e′i and fi define the action of the reduced v-analogue Bv(g) of g on
KΩ⊗Z[v,v−1] Q(v). The Bv(G)-module KΩ⊗Z[v,v−1] Q(v) is isomorphic to U
−
v (g). The
involution induced by the Verdier duality functor coincides with the bar involution on
U−v (g).
(ii) The simple perverse sheaves in ⊔VPV,Ω give a lower global basis of U
−
v (g).
4. Quivers with an Involution θ
4.1. Quivers with an involution θ.
Definition 4.1. A θ-quiver is a data:
(1) a quiver (I,H),
(2) involutions θ : I → I and θ : H → H,
satisfying
(a) out(θ(h)) = θ(in(h)) and in(θ(h)) = θ(out(h)),
(b) If θ(out(h)) = in(h), then θ(h) = h,
(c) θ(h) = θ(h),
(d) There is no i ∈ I such that θ(i) = i
A θ-orientation is an orientation of (I,H) such that Ω is stable by θ.
From the assumption (d), any vertex i is a sink with respect to some θ-orientation Ω.
Example 4.2. We give two θ-orientations for the case of Example 2.13. The vertex 1 is a
sink in the right example.
· · · · · · // ◦ //xx
θ
&&
◦ //
yy %%
◦ //
{{ ##
◦ // ◦ // ◦ // · · · · · ·
−5 −3 −1 1 3 5
, · · · · · · // ◦ //
xx
θ
&&
◦
yy %%
◦oo //
{{ ##
◦ ◦ //oo ◦ // · · · · · · .
−5 −3 −1 1 3 5
Example 4.3. Our definition of a θ-quiver contains the case of type A
(1)
1 . The following
three figures are three θ-orientations in this case.
◦
~~
θ
!!
◦oooo , ◦ //
~~
θ
!!
◦oo , ◦ ////
~~
θ
!!
◦ .
Definition 4.4. A θ-symmetric I-graded vector space V is an I-graded vector space
endowed with a non-degenerate symmetric bilinear form ( • , • ) : V ×V→ C such that Vi
and Vj are orthogonal if j 6= θ(i). For an I-graded subspace W of V, we set
W⊥ : = {v ∈ V | (v, w) = 0 for any w ∈W}.
Hence (W⊥)θ(i) ∼= (Vi/Wi)
∗.
Note that if W ⊃ W⊥, then W/W⊥ has a structure of θ-symmetric I-graded vector
space. Note that two θ-symmetric I-graded vector spaces with the same dimension are
isomorphic.
Definition 4.5. Let (I,H) be a θ-quiver. For a θ-symmetric I-graded vector space V and
a θ-stable subset Ω of H, we define
θEV,Ω : = {x ∈ EV,Ω | xθ(h) = −
txh ∈ Hom(Vθ(in(h)),Vθ(out(h))) for any h ∈ Ω}.
The algebraic group θGV : = {g ∈ GV |
tg−1i = gθ(i) for any i} naturally acts on
θEV,Ω.
Set (C×)Ω,θ : = {(ch)h∈Ω | ch ∈ C
× and cθ(h) = ch}. The group (C
×)Ω,θ also acts on θEV,Ω
by xh 7→ chxh (h ∈ Ω). These two actions commute with each other.
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Definition 4.6. For a θ-symmetric I-graded vector space V, a sequence i = (i1, . . . , i2m) ∈
I2m such that θ(iℓ) = i2m−ℓ+1 and a sequence a = (a1, . . . , a2m) ∈ Z
m
≥0 such that a2m−ℓ+1 =
aℓ, we say that a flag of I-graded subspace of V
F = (V = F0 ⊃ F1 ⊃ · · · ⊃ Fm ⊃ Fm+1 ⊃ · · · ⊃ F2m = {0})
is of type (i, a) if
(i) dim(Fℓ−1/Fℓ)i =
{
aℓ (i = iℓ)
0 (i 6= iℓ)
,
(ii) F2m−ℓ = (Fℓ)⊥.
Then we have wtV =
∑
1≤ℓ≤2m aℓαiℓ. We denote by
θFi,a the set of flags of type (i, a).
For x ∈ θEV,Ω, a flag F of type (i, a) is x-stable if F
ℓ (ℓ = 1, . . . , 2m) are x-stable. We
define
θF˜i,a;Ω : = {(x, F ) ∈
θEV,Ω ×
θFi,a | F is x-stable}.
The group θGV naturally acts on
θFi,a and
θF˜i,a;Ω.
Note that x : V→ V ∼= V∗ in θEV,Ω may be regarded as a skew-symmetric form on V,
and the condition that F is x-stable is equivalent to the one x(Fℓ,F2m−ℓ) = 0 for any ℓ.
The following lemma is obvious.
Lemma 4.7. The variety θF˜i,a;Ω is smooth and irreducible. The first projection
θπi,a :
θF˜i,a;Ω →
θEV,Ω is
θGV × (C
×)Ω,θ-equivariant and projective.
4.2. Perverse sheaves on θEV,Ω. Let Ω be a θ-orientation. By Lemma 4.7 and Lemma
2.18,
θLi,a;Ω : = (
θπi,a)!(1θ eFi,a;Ω)
is a semisimple complex in D(θEV,Ω).
Definition 4.8. We define θPV,Ω as the set of the isomorphism classes of simple perverse
sheaves L in D(θEV,Ω) satisfying the property: L appears in
θLi,a;Ω[d] as a direct summand
for some integer d and (i, a). We denote by θQV,Ω the full subcategory of D(
θEV,Ω) con-
sisting of objects which are isomorphic to finite direct sums of L[d] with L ∈ θPV,Ω and
d ∈ Z.
Note that any object in θQV,Ω is
θGV × (C
×)Ω,θ-equivariant.
4.3. Multiplications and Restrictions. Fix θ-symmetric and I-graded vector spaces V
and W, and an I-graded vector space T such that wt(V) = wt(W) + wt(T) + θ(wt(T)).
We consider the following diagram
ET,Ω ×
θEW,Ω
θE′Ω
p1oo p2 // θE′′Ω
p3 // θEV,Ω .
Here θE′′Ω is the variety of (x, V ) where x ∈
θEV,Ω and V is an x-stable I-graded subspace
of V such that V ⊃ V ⊥ and wt(V/V ) = wt(T), and we denote by θE′Ω the variety of
(x, V, ϕW, ϕT) where (x, V ) ∈ θE′′Ω, ϕ
W : W
∼
−→V/V ⊥ is an isomorphism of θ-symmetric
I-graded vector spaces and ϕT : T
∼
−→V/V is an isormorphism of I-graded vector spaces.
We define p1, p2 and p3 by p1(x, V, ϕ
W, ϕT) = (xT, xW), p2(x, V, ϕ
W, ϕT) = (x, V ) and
p3(x, V ) = x. Here the morphism x
W, xT are defined by
xWh = ϕ
W
in(h)
−1
◦ (x|V/V ⊥)h ◦ ϕ
W
out(h), x
T
h = ϕ
T
in(h)
−1
◦ (x|V/V )h ◦ ϕ
T
out(h).
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Then p1 is smooth with connected fibers, p2 is a principal GT ×
θGW-bundle and p3 is
projective.
For a GT-equivariant semisimple object KT ∈ QT,Ω and a
θGW-equivariant semisimple
object KW ∈
θQW,Ω, there exists a unique semisimple object K
′′ ∈ D(θE′′Ω) satisfying
p∗1(KT ⊠KW) = p
∗
2K
′′.
Definition 4.9. We define KT ∗KW : = (p3)!(K
′′) ∈ D(θEV,Ω).
Next, we fix an I-graded vector space U such that
V ⊃ U ⊃ U⊥ ⊃ {0}.
We also fix an isomorphism W ∼= U/U⊥ as θ-symmetric I-graded vector spaces and an
isomorphism T ∼= V/U as I-graded vector spaces. We consider the following diagram
ET,Ω ×
θEW,Ω
θE(W,V)Ω
poo   ι // θEV,Ω
where
θE(W,V)Ω = {x ∈
θEV,Ω | U is x-stable}
and p(x) = (xT, xW), ι(x) = x.
Definition 4.10. For K ∈ D(θEV,Ω), we define ResT,W(K) : = p!ι
∗(K).
Proposition 4.11. Let V andW be θ-symmetric I-graded vector spaces such that wtV =
wtW+αi+αθ(i). For a ∈ Z≥0, let S
a
i be an I-graded vector space such that wt(S
a
i ) = aαi.
(i) Suppose θLi,a;Ω ∈ D(
θEW,Ω). We have
1Sai ∗
θLi,a;Ω = L(i,i,θ(i)),(a,a,a).
for a ∈ Z≥0.
(ii) Suppose θLi,a;Ω ∈ D(
θEV,Ω) and aℓ > 0 for all ℓ such that iℓ = i. For 1 ≤ k ≤ 2m
such that ik = i, we define a
(k) = (a
(k)
1 , · · · , a
(k)
2m) by a
(k)
ℓ = aℓ − δℓ,k − δℓ,2m−k+1 and
we set
Mk(i, a
(k)) =
∑
iℓ=i,ℓ<k
a
(k)
ℓ +
∑
k<ℓ,h∈Ω;out(h)=i,in(h)=iℓ
a
(k)
ℓ .
Then we have
ResSi,W(
θLi,a;Ω) =
⊕
ik=i
θLi,a(k);Ω[−2Mk(i, a
(k))].
Proof. (1) We consider the following diagram:
θF˜i,a;Ω
θπi,a


θE˜
ρ′

p′1oo
p′2 //

θF˜(i,i,θ(i)),(a,a,a);Ω
ρ′′

π(i,i,θ(i)),(a,a,a)
&&NN
NN
NN
NN
NN
N
θEW,Ω
θE′Ω
p1oo p2 // θE′′Ω
p3 // θEV,Ω
where
θE˜ : = {(x, F, ϕW) | (x, F ) ∈ θF˜(i,i,θ(i)),(a,a,a), ϕ
W : W ∼= F1/F2m+1}.
Here, ρ′′ : θF˜(i,i,θ(i)),(a,a,a) →
θE′′Ω is given by (x, F ) 7→ (x,F
1). Then ρ′′ is projective and
p3 ◦ ρ
′′ = θπ(i,i,θ(i)),(a,a,a). Hence ρ
′′
! (1θeF(i,i,θ(i)),(a,a,a)) is semisimple and
θL(i,i,θ(i)),(a,a,a);Ω =
(π(i,i,θ(i)),(a,a,a))!(1θeF(i,i,θ(i)),(a,a,a)) = (p3)!(ρ
′′)!(1θeF(i,i,θ(i)),(a,a,a)). On the other hand, we have
p∗2(ρ
′′
! 1θeF(i,i,θ(i)),(a,a,a)) = ρ
′
!(p
′
2)
∗1θeF(i,i,θ(i)),(a,a,a) = ρ
′
!(p
′
1)
∗1θ eFi,a;Ω = p
∗
1(
θπi,a)!1θ eFi,a;Ω = p
∗
1(
θLi,a;Ω).
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Hence we have 1Sai ∗
θLi,a;Ω = (p3)!ρ
′′
! (1θeF(i,i,θ(i)),(a,a,a)) =
θL(i,i,θ(i)),(a,a,a).
(2) Set θF˜(W,V) = {(x, F ) ∈ θF˜i,a;Ω | U is x-stable} and
θF
(k)
i,a;Ω = {F ∈
θFi,a;Ω | F
k ⊂
U,Fk−1 6⊂ U}. We define
θF˜k(W,V) : = {(x, F ) ∈
θF˜(W,V) | F ∈ θF
(k)
i,a;Ω}.
Then the locally closed smooth subvarieties θF˜k(W,V) (1 ≤ k ≤ 2m, ik = i) give a
partition θF˜(W,V).
For a flag F of V, we define the flag F |U/U⊥ by
F |U/U⊥ = (U/U
⊥ = (F0 ∩ U)/(F0 ∩ U⊥) ⊃ · · · ⊃ (F2m ∩ U)/(F2m ∩ U⊥) = {0}).
Note that for (x, F ) ∈ θF˜k(W,V),
dim(Fℓj ∩ Uj) = dimF
ℓ
j − δ(j = i, ℓ < k),
dim(Fℓj ∩ (U
⊥)j) = δ(2m− ℓ ≥ k, j = θ(i)).
We have
dim((F |U/U⊥)
ℓ−1/(F |U/U⊥)
ℓ)j = dim(F
ℓ−1/Fℓ)j−δ(j = i, ℓ = k)−δ(j = θ(i), 2m−ℓ = k−1).
Hence the flag F |U/U⊥ is a flag of type (i, a
(k)). Therefore (x, F ) 7→ (x|U/U⊥, F |U/U⊥) defines
fa(k) :
θF˜k(W,V)→
θF˜i,a(k),Ω. We obtain the following diagram:
θF˜i,a(k),Ω
θπ
i,a(k)

θF˜k(W,V)
f
a
(k)
oo   // θF˜(W,V)

 //

θF˜i,a;Ω
θπi,a

θEW,Ω
θE(W,V)Ω
poo   ι // θEV,Ω
Claim. The morphism fa(k) is an affine bundle of rank Mk(i, a
(k)).
Proof. Fix (xW, FW) ∈
θF˜i,a(k),Ω. Note that (U
⊥)j = {0} and Uj ∼= Wj for j 6= θ(i). If
F ∈ θF
(k)
i,a;Ω satisfies F |U/U⊥ = FW, we have
Fℓi = F
ℓ
W,i (ℓ ≥ k), F
ℓ
i = F
ℓ
W,i + F
k−1
i (ℓ < k), F
ℓ
θ(i) = (F
2m−k+1
i )
⊥
and Fℓj = F
ℓ
W,j (j 6= i, θ(i)). A subspace F
k−1
i is parametrized by a one-dimensional
subspace Fk−1i /F
k−1
W,i ⊂ Vi/F
k−1
W,i such that F
k−1
i /F
k−1
W,i 6⊂ Ui/F
k−1
W,i. Hence the fibers of
θF
(k)
i,a,Ω →
θFi,a(k),Ω : F 7→ F |U/U⊥ at FW is isomorphic to A
dim(Vi/F
k−1
W,i
)−1. Note that
dim(Vi/F
k−1
W,i)− 1 =
∑
ℓ<k,iℓ=i
aℓ =
∑
ℓ<k,iℓ=i
a
(k)
ℓ .
Fix a flag F ∈ θF
(k)
i,a;Ω such that F |U/U⊥ = FW. Note that Vi ⊃ Ui
∼= Wi, Vθ(i) = Uθ(i)
and Vj = Uj ∼= Wj for j 6= i, θ(i). Assume that x ∈
θEV,Ω satisfies the condition that F
is x-stable and x|U/U⊥ = xW.
First, suppose that h ∈ Ω satisfies out(h) 6= i and in(h) 6= θ(i). Then xh coincides with the
composition Vout(h) ։ Uout(h)/(U
⊥)out(h) ∼= Wout(h)
xW,h
−→ Win(h) ∼= Uin(h) ⊆ Vin(h). Hence,
for such an h ∈ Ω, xh is uniquely determined by xW and x stabilizes the flag F .
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Second, suppose that h ∈ Ω satisfies out(h) = i. Take v ∈ Fk−1i such that v /∈ Ui.
If in(h) 6= θ(i), xh is parametrised by xh(v) ∈ F
k−1
in(h). Note that
dimFk−1in(h) =
∑
ℓ≥k,iℓ=in(h)
aℓ =
∑
ℓ>k,iℓ=in(h)
a
(k)
ℓ ,
because in(h) 6= i, θ(i), ik = i and ℓ 6= k, 2m− k + 1.
If out(h) = i and in(h) = θ(i), we can regard xh as a skew-symmetric form on Vi. Since
Fℓi = F
ℓ
W,i + δ(ℓ < k)Cv, the skew-symmetric condition on x is equal to the condition
x(v,F2m−k+1i + Cv) = 0. Then xh is parametrized by
(
Vi/(F
2m−k+1
i + Cv)
)∗
. Since v /∈
F2m−k+1i if and only if 2m− k + 1 ≥ k, we have
dim
(
Vi/(F
2m−k+1
i + Cv)
)∗
= dim
(
V/F2m−k+1i
)∗
− δ(2m− k + 1 ≥ k)
=
(
dimF k−1θ(i)
)
− δ(2m− k + 1 ≥ k) =
 ∑
ℓ≥k,iℓ=θ(i)
aℓ
− δ(2m− k + 1 ≥ k).
Since ik = i 6= θ(i), i2m−k+1 = θ(i), we have aℓ = a
(k)
ℓ + δ(ℓ = 2m−k+1) if iℓ = θ(i). Thus
we obtain
dim
(
Vi/(F
2m−k+1
i + Cv)
)
=
∑
ℓ>k,iℓ=θ(i)
a
(k)
ℓ .
Set
Ω0 := {h ∈ Ω | out(h) = i, in(h) = θ(i)}, Ω1 := {h ∈ Ω | out(h) = i, in(h) 6= θ(i)}.
The morphism F˜k(W,V) → {F ∈
θF
(k)
i,a,Ω | F |U/U⊥ = FW} is an affine bundle and its
fiber dimension is equal to∑
h∈Ω1
dim(Fk−1in(h)) +
∑
h∈Ω0
dim{Vi/(F
2m−k+1
i + Cv)}
=
∑
h∈Ω1,ℓ>k,iℓ 6=θ(i)
a
(k)
ℓ +
∑
h∈Ω0,ℓ>k,iℓ=θ(i)
a
(k)
ℓ =
∑
h∈Ω0⊔Ω1,ℓ>k
a
(k)
ℓ .
Thus the rank of fa(k) is equal to
dim(Vi/F
k−1
W,i)− 1 +
∑
h∈Ω0⊔Ω1,ℓ>k
a
(k)
ℓ =
∑
iℓ=i,ℓ<k
a
(k)
ℓ +
∑
h∈Ω0⊔Ω1,k<ℓ
a
(k)
ℓ =Mk(i, a
(k)).

By this claim, we have (fa(k))!1θeFk(W,V) = 1θeF
i,a(k),Ω
[−2Mk(i, a
(k))]. By Lemma 2.18(2),
we obtain
ResSi,W(
θLi,a;Ω) = (
θπi,a;Ω)!1θeFi,a;Ω =
⊕
k
(θπi,a(k))!(fa(k))!1θeFk(W,V)
=
⊕
ik=i
θLi,a(k);Ω[−2Mk(i, a
(k))].

Lemma 4.12. Let T1 and T2 be I-graded vector spaces. Let W and V be θ-symmetric
I-graded vector spaces such that wtV = wtT1 + θ(wtT1) + wtT2 + θ(wtT2) + wtW.
For GTj -equivariant semisimple objects Lj ∈ D(ETj ,Ω) (j = 1, 2) and a
θGW-equivariant
semisimple obejct L ∈ D(θEW,Ω), we have (L1 ∗ L2) ∗ L ∼= L1 ∗ (L2 ∗ L).
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Proof. Let T12 be an I-graded vector space such that wtT12 = wtT1+wtT2. Let W2 be
a θ-symmetric I-graded vector space such that wtW2 = wtT2 + θ(wtT2) + wtW.
We denote by F the variety of pairs (x, F ) where x ∈ θEV,Ω and F = (V ⊃ F
1 ⊃ F 2 ⊃
F 3 ⊃ F 4 ⊃ {0} is an x-stable flag such that F 3 = (F 2)⊥, F 4 = (F 1)⊥, F 1/F 4 ∼= W2
and F 2/F 3 ∼= W as θ-symmetric I-graded vector spaces. Let F˜ be the variety of pairs
(x, F, ϕW, ϕW2, ϕ1, ϕ2, ϕT2) where (x, F ) ∈ F and ϕW2 : F
1/F 4 ∼= W2, ϕW : F
2/F 3 ∼=
W as θ-symmetric I-graded vector spaces, and ϕ1 : V/F
1 ∼= T1, ϕ2 : V/F
2 ∼= T12 and
ϕT2 : F
1/F 2 ∼= T2 as I-graded vector spaces.
We consider the folowing diagram:
ET1,Ω × ET2,Ω ×
θEW,Ω F˜
u1oo u2 // F
u3 // θEV,Ω.
Here u1(x, F, ϕW, ϕW2, ϕ1, ϕ2, ϕT2) = (x
1, x2, xW), where xW, x
1 and x2 are the restrictions
of x to W,T1 and T2 through the isomorphism ϕW, ϕ1 and ϕ2 respectively, and u2 and
u3 are natural projections. Note that u1 is smooth with connected fibers, u2 is a principal
GT1×GT2×
θGW-bundle and u3 is projective. Then, for L ∈
θPW,Ω, there exists a unique
semisimple object L′′ ∈ D(F ) such that u∗1(L1 ⊠L2 ⊠L) = u
∗
2L
′′, we define K by (u3)!L
′′.
We shall prove K ∼= L1 ∗ (L2 ∗ L) and K ∼= (L1 ∗ L2) ∗ L.
First, L2 ∗ L is defined by the following diagram
ET2,Ω ×
θEW,Ω E
′
2
q1oo q2 // E ′′2
q3 // θEW2,Ω.
Here E ′′2 is the variety of (y, V ) where y ∈
θEW2,Ω and V is an y-stable I-graded vector
subspace of W2 such that V ⊃ V ⊥ and wt(W2/V ) = wt(T2), and E ′2 is the variety of
(y, V, ψW, ψT2) where (y, V ) ∈ E
′′
2 and ψW : V/V
⊥ ∼= W and ψT2 : W
2/V ∼= T2. For
L′′2 ∈ D(E
′
2) such that q
∗
1(L2 ⊠ L) = q
∗
2L
′′
2, we have (q3)!L
′′
2 = L2 ∗ L. We consider the
diagram
ET1,Ω ×ET2,Ω ×
θEW,Ω ET1,Ω ×E
′
2
q˜1oo q˜2 // ET1,Ω × E
′′
2
q˜3 // ET1,Ω ×
θEW2,Ω,
and denote by L′′1 : = L1 ⊠ L
′′
2 ∈ D(ET1,Ω × E
′′
2 ). Then q˜
∗
1(L1 ⊠ L2 ⊠ L) = q˜
∗
2L
′′
1 and
(q˜3)!L
′′
1 = L1 ⊠ (L2 ∗ L).
Second, L1 ∗ (L2 ∗ L) is defined by the following diagram:
ET1,Ω ×
θEW2,Ω E ′
p1oo p2 // E ′′
p3 // θEV,Ω.
Here E ′′ is the variety of (y, V ) where y ∈ θEV,Ω and V is an y-stable I-graded vector
subspace of V such that V ⊃ V ⊥ and wt(V/V ) = wt(T1), and E ′ is the variety of
(y, V, ψW2, ψT1) where (y, V ) ∈ E
′′ and ψW2 : V/V
⊥ ∼= W2 and ψT1 : V/V ∼= T
1. For
K ′′ ∈ D(E ′′) such that p∗1(L1 ⊠ (L2 ∗ L)) = p
∗
2K
′′, we have L1 ∗ (L2 ∗ L) = (p3)!K
′′.
Set E ′1 = ET1,Ω × E
′
2, E
′′
1 = ET1,Ω × E
′′
2 , E12 = ET1,Ω × ET2,Ω ×
θEW,Ω and E2 = ET1,Ω ×
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θEW2,Ω. We consider the following diagram:
E2
E ′′1
q˜3
>>}}}}}}}}
E ′
p1
``@@@@@@@@
p2
  @
@@
@@
@@
@
E ′1
q˜1
~~}}
}}
}}
}}
q˜2
>>}}}}}}}
E˜
t3
??~~~~~~~~
r1
``AAAAAAAA
r2
?
??
??
??
?


E ′′
p3
""E
EE
EE
EE
EE
E12 F˜u1
oo
u2
//
v1
``@@@@@@@@
t2
>>~~~~~~~~
F u3
//
s3
??~~~~~~~~
θEV,Ω
where E˜ = F ×E′′ E
′. Here s3(x, F ) = (x, F
1), t2(x, F, ϕW, ϕW2, ϕ1, ϕ2) = (x, F, ϕW2 , ϕ1),
r2(x, F, ϕW2 , ϕ1) = (x, F ) and t3(x, F, ϕW2, ϕ1) = (x, F
1, ϕW2, ϕ1). We define r1 and v1 by
r1(x, F, ϕW2, ϕ1) = (x
1, xW2 , ϕW2(F2/F4)),
v1(x, F, ϕW, ϕW2, ϕ1, ϕ2, ϕT2) = (x
1, xW2 , ϕW2(F2/F4), ψW, ψ2),
where xW2 , ψW and ψ2 are natural morphism induced by using ϕW, ϕW2 and ϕ2.
We have t∗2r
∗
1L
′′
1 = v
∗
1 q˜
∗
2L
′′
1 = v
∗
1 q˜
∗
1(L1 ⊠ L2 ⊠ L) = u
∗
1(L1 ⊠ L2 ⊠ L) = u
∗
2L
′′ = t∗2r
∗
2L
′′.
Since t2 is a GT2 ×
θGW1-principal bundle, we obtain r
∗
1L
′′
1 = r
∗
2L
′′. Therefore p∗2(s3)!L
′′ =
(t3)!r
∗
2L
′′ = (t3)!r
∗
1L
′′ = p∗1(q3)!L
′′
1 = p
∗
1(L1 ⊠ (L2 ∗ L)). Thus (p3)!(r3)!L
′′ = L1 ∗ (L2 ∗ L).
We have K = (u3)!L
′′ = L1 ∗ (L2 ∗ L).
Similarly, we obtain K ∼= (L1 ∗ L2) ∗ L. Thus the claim follows. 
4.4. Restriction functor Ei, Induction functors Fi and F
(a)
i . We consider the
following diagram
ET,Ω ×
θEW,Ω
θE′Ω
p1oo p2 // θE′′Ω
p3 // θEV,Ω .
Lemma 4.13. Suppose T = Si. Let dp1 and dp2 be the dimension of the fibers of p1 and
p2, respectively. The we have
dp1 − dp2 = dim
θE′′Ω − dim
θEW,Ω = dimWi +
∑
h∈Ω: out(h)=i
dimWin(h).
Proof. For a vector space V , we denote by Alt(V ) the set of all skew-symmetric linear
maps V → V ∗. Let P(V ) denote the projective space of hyperplanes of V . Set Ω0 = {h ∈
Ω | θ(h) = h},Ω1 = Ω\Ω0. We have
dim θEW,Ω =
1
2
∑
h∈Ω1
dimWout (h) dimWin(h) +
∑
h∈Ω0
dimAlt(Wout(h)).
We set
Ω10 = {h ∈ Ω1 | out(h) 6= i, in(h) 6= i},
Ω11 = {h ∈ Ω1 | out(h) = i},
Ω12 = {h ∈ Ω1 | in(h) = i},
Ω00 = {h ∈ Ω0 | (out(h), in(h)) = (i, θ(i)) or (θ(i), i)},
Ω01 = Ω0\Ω00.
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Then Ω1 = Ω10 ⊔ Ω11 ⊔ Ω12 and Ω0 = Ω00 ⊔ Ω01. Note that θ gives bijections Ω10 → Ω10
and Ω11 → Ω12. Therefore we have
dim θE′′Ω = dimP(Vi) +
1
2
∑
h∈Ω10
dimWout (h) dimWin(h)
+
∑
h∈Ω11
dimVi dimWin(h) +
∑
h∈Ω01
dimAlt(Wout(h))
+
∑
h∈Ω,out(h)=i,in(h)=θ(i)
dimAlt(Vi) +
∑
h∈Ω,out(h)=θ(i),in(h)=i
dimAlt(Wi).
Since dimVi = dimWi + 1 and dimAlt(Vi)− dimAlt(Wi) = dimWi, we conclude
dim θE′′Ω − dim
θEW,Ω
= dimWi +
∑
h∈Ω11
dimWin(h) +
∑
h∈Ω,out(h)=i,in(h)=θ(i)
(dimAlt(Vi)− dimAlt(Wi))
= dimWi +
∑
h∈Ω,out(h)=i,in(h)6=θ(i)
dimWin(h) +
∑
h∈Ω,out(h)=i,in(h)=θ(i)
dimWi
= dimWi +
∑
h∈Ω: out(h)=i
dimWin(h).

Definition 4.14.
(i) For T = Si and a
θGW-equivariant semisimple object K in
θQW,Ω, we define the
operator Fi by
Fi(K) : = (1Si ∗K) [dFi]
where
dFi = dp1 − dp2 = dimWi +
∑
h∈Ω: out(h)=i
dimWin(h).
(ii) For T = Si, we define the functor Ei : D(
θEV,Ω)→ D(
θEW,Ω) by
Ei(K) : = ResSi,W(K) [dEi]
where
dEi = dFi − 2 dimWi = − dimWi +
∑
h∈Ω: out(h)=i
dimWin(h).
By Prposition 4.11, Ei and Fi induce the restriction functor
θQV,Ω →
θQW,Ω, induction
functor θQW,Ω →
θQV,Ω, respectively.
Definition 4.15. For a ∈ Z>0, let W and V be θ-symmetric I-graded vector spaces such
that wt(V) = wt(W)+a(αi+αθ(i)). For a
θGW-equivariant semisimple object L ∈
θPW,Ω,
we define F
(a)
i (L) : = 1Sai ∗ L[da] where
da = a
dimWi + ∑
h∈Ω: out(h)=i
dimWin(h)
+ a(a− 1)
2
♯{h ∈ Ω| out(h) = i, in(h) = θ(i)}.
We call F
(a)
i the a-th divided power of Fi.
By Proposition 4.11(1), we have the following lemma.
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Lemma 4.16. The object θLi,a;Ω is isomorphic to F
(a1)
i1
F
(a2)
i2
· · ·F
(am)
im 1pt up to shift.
Lemma 4.17. The operator F
(a)
i gives a functor
θQW,Ω →
θQV,Ω and satisfy FiF
(a)
i =
F
(a)
i Fi = [a+ 1]vF
(a+1)
i .
Proof. By Proposition 4.11(1), F
(a)
i gives a functor
θQW,Ω →
θQV,Ω. We have
FiF
(a)
i (L) = Fi(1Sai ∗ L)[da] = 1Si ∗ (1Sai ∗ L)v
da+d
where
d = dimWi + a+
∑
h∈Ω: out(h)=i,in(h)6=θ(i)
dimWin(h) +
∑
h∈Ω: out(h)=i,in(h)=θ(i)
(dimWθ(i) + a)
= dimWi + a+
∑
h∈Ω: out(h)=i
dimWin(h) + a♯{h ∈ Ω| out(h) = i, in(h) = θ(i)}.
Note that 1Si ∗1Sai = (1+ v
−2+ · · ·+ v−2a)1
S
a+1
i
= [a+1]vv
−a1
S
a+1
i
in E
S
a+1
i ,Ω
. By Lemma
4.12, we have
FiF
(a)
i (L) = [a+ 1]vv
−avda+d1
S
a+1
i
∗ L
= [a+ 1]vv
−avda+d−da+1F
(a+1)
i (L).
Since
da + d = (a+ 1)
dimWi + ∑
h∈Ω: out(h)=i
dimWin(h)
+ a
+
(
a(a− 1)
2
+ a
)
♯{h ∈ Ω| out(h) = i, in(h) = θ(i)}
= da+1 + a,
we conculde FiF
(a)
i = [a + 1]vF
(a+1)
i . 
4.5. Commutativity with Fourier transforms. For two θ-orientations Ω and Ω′, we
have Ω\Ω′ = Ω′\Ω. Then we can regard θEV,Ω →
θEV,Ω∩Ω′ and
θEV,Ω′ →
θEV,Ω∩Ω′ as vec-
tor bundles and they are the dual vector bundle to each other by the form
∑
h∈Ω\Ω′ tr(xhxh¯)
on θEV,Ω ×
θEV,Ω′. We say that L ∈ D(
θEV,Ω) is (C
×)Ω,θ-monodromic if Hj(L) is locally
constant on every (C×)Ω,θ-orbit on θEV,Ω. Let D(C×)Ω,θ−mono(
θEV,Ω) be the full subcate-
gory of D(θEV,Ω) consisting of (C
×)Ω,θ-monodromic objects. Hence we have the Fourier
transform ΦΩΩ
′
V
: D(C×)Ω,θ−mono(
θEV,Ω) → D(C×)Ω,θ−mono(
θEV,Ω′). The following lemma is
obvious.
Lemma 4.18. For three θ-orientations Ω,Ω′ and Ω′′, we have
ΦΩ
′Ω′′
V
◦ ΦΩΩ
′
V
∼= a∗ ◦ ΦΩΩ
′′
V
: D(C×)Ω,θ−mono(
θEV,Ω)→ D(C×)Ω,θ−mono(
θEV,Ω′′)
where a : θEV,Ω′′ →
θEV,Ω′′ is defined by xh 7→ −xh or xh according that h ∈ Ω
′′ ∩ Ω′ ∩ Ω
or not. In particular, D(C×)Ω,θ−mono(
θEV,Ω) does not depend on Ω.
Since any object in θQV,Ω is
θGV × (C
×)Ω,θ-equivariant, it is a monodromic object. By
the commutativity between Ei, Fi and (C
×)Ω,θ-action, the functors Ei and Fi preserve the
category (C×)Ω,θ-monodromic objects.
20
Theorem 4.19. Let V and W be θ-symmetric I-graded vector spaces such that wtV =
wtW + αi + αθ(i), and Ω and Ω
′ be two θ-symmetric orientations.
(1) Let FΩi and F
Ω′
i be the induction functors with respect to Ω and Ω
′, respectively. For a
θGW-equivariant semisimple obejct L ∈
θQW,Ω, we have Φ
ΩΩ′
V
◦FΩi (L)
∼= FΩ
′
i ◦Φ
ΩΩ′
W
(L).
(2) Let Ei
Ω and Ei
Ω′ be the restriction functors with respect to Ω and Ω′, respectively. For
a θGV-equivariant semisimple obejct K ∈
θQW,Ω, we have Φ
ΩΩ′
W
◦ Ei
Ω(K) ∼= Ei
Ω′ ◦
ΦΩΩ
′
V
(K).
(3) The Fourier transform ΦΩΩ
′
V
gives an isomorphism between θPV,Ω and
θPV,Ω′ and an
equivalence between θQV,Ω and
θQV,Ω′.
Proof. (1) Let us define the fibre products E1, E2, E3, E
′
1, E
′
2 and E
′
3 by
E1 : =
θEW,Ω ×θE
W,Ω∩Ω′
θE′Ω∩Ω′, E
′
1 : =
θEW,Ω′ ×θE
W,Ω∩Ω′
θE′Ω∩Ω′,
E2 : =
θE′Ω∩Ω′ ×θEV,Ω∩Ω′
θEV,Ω, E
′
2 : =
θE′Ω∩Ω′ ×θEV,Ω∩Ω′
θEV,Ω,
E3 : =
θE′′Ω∩Ω′ ×θEV,Ω∩Ω′
θEV,Ω, E
′
3 : =
θE′′Ω∩Ω′ ×θEV,Ω∩Ω′
θEV,Ω′.
Note that E ′1 and E
′
2 are the dual vector bundle of E1 and E2 over
θE′Ω∩Ω′ respectively, and
E ′3 is the dual vector bundle of E3 over
θE′′Ω∩Ω′. We denote by ΦEj : D(C×)Ω,θ−mono(Ej) →
D(C×)Ω,θ−mono(E
′
j) (j = 1, 2, 3) and Φ
′ : D(C×)Ω,θ−mono(
θE′Ω) → D(C×)Ω,θ−mono(
θE′Ω
∗
) the
Fourier transforms. For simplicity, we denote by ΦV,ΦW insted of Φ
ΩΩ′
V
,ΦΩΩ
′
W
, respec-
tively.
We denote by u1 and u
′
1 the projections E1 →
θEW,Ω and E
′
1 →
θEW,Ω′, respectively. Let
p˜1, p˜
′
1, ι2 and ι
′
2 be the canonical maps
θE′Ω → E1,
θE′Ω′ → E
′
1,
θE′Ω → E2 and
θE′Ω′ → E
′
2,
respectively. Then we obtain the following Cartesian diagram of the vector bundles on
θE′Ω∩Ω′:
θE′Ω′
ι′2 //
p˜′1


E ′2
tι2

E ′1
tp˜1 // (θE′Ω)
∗
Moreover let u3 and u
′
3 be the projections E3 →
θEV,Ω and E
′
3 →
θEV,Ω′, respectively,
p˜2, p˜′2, ι3 and ι
′
3 the canonical maps
θE′′ω → E3 and
θE′′Ω′ → E
′
3, repectively. We obtain the
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following diagram:
E1
u1

E2 ep2
// E3
u3
%%LL
LL
LL
LL
LL
L
θEW,Ω

θE′Ω
p1oo p2 //

ep1
ffLLLLLLLLLLLL
ι2
OO

θE′′Ω
p3 //

ι3
OO
θEV,Ω

θEW,Ω∩Ω′
θE′Ω∩Ω′
oo // θE′′Ω∩Ω′
// θEV,Ω∩Ω′
θEW,Ω′
OO
θE′Ω′
p′1oo
p′2 //
OO
ep′1
yyrrr
rr
rr
rr
rr
ι′2


θE′′Ω′
p′3 //
OO
ι′3

θEV,Ω′
OO
E ′1
u′1
OO
t ep1

 E ′2 ep′2
//
tι2
yyrrr
rr
rr
rr
rr
E ′3
u′3
99sssssssssss
(θE′Ω)
∗
Let L be θGW-equivariant semisimple complex on
θEW,Ω, L
′′ a unique semisimple com-
plex such that p∗2L
′′ = p∗1L, and K
′′ a unique semisimple complex such that p′1
∗ΦW(L) =
p′2
∗K ′′.
By Proposition 2.21, we have
p˜′2
∗
ΦE3((ι3)!L
′′) = ΦE2(p˜2
∗(ι3)!L
′′) = ΦE2((ι2)!p
∗
2L
′′) = ΦE2((ι2)!p
∗
1L)
= tι∗2Φ
′(p˜1
∗u∗1L)[d2]
= tι∗2(
tp1)!(u
′
1)
∗ΦW(L)[d2 + d1]
= (ι′2)!p˜
′
1
∗
ΦW(L)[d1 + d2] = (ι
′
2)!(p
′
1)
∗ΦW(L)[d1 + d2]
= (ι′2)!(p
′
2)
∗K ′′[d1 + d2] = p˜
′
2
∗
(ι′3)!K
′′[d1 + d2]
where
d1 = rank(E1)− rank(
θE′Ω), d2 = rank(E2)− rank(
θE′Ω).
Hence ΦE3((ι3)!L) = (ι
′
3)!K
′′[d1 + d2]. Then
ΦV((p3)!L
′′) = (u′3)!ΦE3((ι3)!L
′′) = (u′3)!(ι
′
3)!K
′′[d1 + d2] = (p
′
3)!K
′′[d1 + d2].
We have
ΦV ◦ F
Ω
i (L) = F
Ω′
i ◦ ΦW(L)[d]
where
d = d1 + d2 +
∑
i
Ω
−→ξ
dimWξ −
∑
i
Ω′
−→η
dimWη.
Now we suppose Ω\Ω′ = {h, θ(h)} and put out(h) = k, in(h) = ℓ. When k = i, we
have
∑
i
Ω
−→ξ
dimWξ −
∑
i
Ω′
−→η
dimWη = dimWℓ. If ℓ 6= θ(i), we have d2 = 0 and d1 =
dimWi dimWℓ − dimVi dimVℓ = − dimWℓ. If ℓ = θ(i), we have d2 = 0 and d1 =
dimAlt(Wi,Wθ(i)) − dimAlt(Vi,Vθ(i)) = − dimWθ(i). Thus we obtain ΦV ◦ F
Ω
i (L) =
FΩ
′
i ◦ ΦW(L). When k = θ(i), we can prove the claim by the same way.
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(2) We may suppose Ω\Ω′ = {h, θ(h)} and put out(h) = k, in(h) = ℓ.
We considet the following diagram:
θEW,Ω

θE(W,V)Ω
poo ι //

θEV,Ω

θEW,Ω∩Ω′
θE(W,V)Ω∩Ω′oo //
θEV,Ω∩Ω′
θEW,Ω′
OO
θE(W,V)Ω′
p′oo ι
′
//
OO
θEV,Ω′
OO
If k, ℓ 6= i, θ(i), the above four diagrams are cartesian. Then the commutativity is clear.
When k = i, we consider the two fiber products by the following:
θEW,Ω

θE(W,V)Ω
poo ι //


q2
xxqqq
qq
qq
qq
qq
θEV,Ω

E
&&MM
MM
MM
MM
MM
M
q1
ddIIIIIIIII

θEW,Ω∩Ω′
θE(W,V)Ω∩Ω′oo //
θEV,Ω∩Ω′
E ′
ffMMMMMMMMMMM
r1 $$H
HH
HH
HH
HH

θEW,Ω′
OO

θE(W,V)Ω′
p′oo ι
′
//
OO
r2
88qqqqqqqqqqq
θEV,Ω′
OO
where
E : = θEW,Ω ×θE
W,Ω∩Ω′
θE(W,V)Ω∩Ω′, E
′ : = θEV,Ω′ ×θE
V,Ω∩Ω′
θE(W,V)Ω∩Ω′ .
We can regard E and E ′ as the dual vector bundle of θE(W,V)Ω′ and
θE(W,V)Ω on
θE(W,V)Ω∩Ω′ respectively. We can regard r2 as the transpose of q2. We denote by Φ and
Φ′ the Fourier transforms
Φ : D(C×)Ω,θ−mono(E)→ D(C×)Ω,θ−mono(
θE(W,V)Ω′),
Φ′ : D(C×)Ω,θ−mono(
θE(W,V)Ω)→ D(C×)Ω,θ−mono(E
′).
Then, for K ∈ θQV,Ω we have
ΦW(p!ι
∗K) = p′!Φ((q2)!ι
∗K) = p′!r
∗
2Φ
′(ι∗K)[d] = p′!r
∗
2r
∗
1ΦV(K)[d] = p
′
!(ι
′)∗ΦV(K)[d],
where d = rank(E) − rank(θE(W,V)Ω). If ℓ 6= θ(i), we have rank(E) = dimWi dimWℓ
and rank(θE(W,V)Ω) = dimVi dimVℓ. Since Vℓ = Wℓ, we have d = − dimWℓ. If ℓ =
θ(i), we have rank(E) = dimAlt(Wi,Wθ(i)) and rank(
θE(W,V)Ω) = dimAlt(Vi,Vθ(i)).
Then d = − dimWθ(i). Since Ω\Ω
′ = {i→ ℓ, θ(ℓ)→ θ(i)}, we have dEΩi − dimWℓ = dEΩ
′
i
.
Thus ΦW ◦ E
Ω
i (K) = E
Ω′
i ◦ ΦV.
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When k = θ(i), we obtain the following diagram:
θEW,Ω


θE(W,V)Ω
poo ι //

ι2
&&MM
MM
MM
MM
MM
M
θEV,Ω

F
xxqqq
qq
qq
qq
qq
;;vvvvvvvvv

θEW,Ω∩Ω′
θE(W,V)Ω∩Ω′oo //

θEV,Ω∩Ω′
F ′
88qqqqqqqqqqq
zzuu
uu
uu
uu
u

θEW,Ω′
OO
θE(W,V)Ω′
p′oo ι
′
//
OO
p′2
ffMMMMMMMMMMM
θEV,Ω′
OO
Here
F : = θEV,Ω ×θE
V,Ω∩Ω′
θE(W,V)Ω∩Ω′ , F
′ : = θEW,Ω′ ×θE
W,Ω∩Ω′
θE(W,V)Ω∩Ω′.
We regard p′2 as the transpose of ι2. Hence we can prove the claim by the similar way.
(3) The claim follows from Proposition 2.21(2) and the commutativity of Fi and Φ
ΩΩ′
V
. 
Similarly, we can prove the commutativity of F
(a)
i ’s and the Fourier transforms. We omit
the proof.
Proposition 4.20. LetW andV be θ-symmetric I-graded vector spaces such that wt(V) =
wt(W) + a(αi + αθ(i)). Let F
(a)
i
Ω
and F
(a)
i
Ω′
be the a-th divided powers with respect to θ-
orientations Ω and Ω′, respectively. For a θGW-equivariant semisimple obejct L ∈
θQW,Ω,
we have ΦΩΩ
′
V
◦ F
(a)
i
Ω
(L) ∼= F
(a)
i
Ω′
◦ ΦΩΩ
′
W
(L).
5. A Geometric Constuction of Symmetric Crystals
5.1. Grothendieck group. For a θ-orientation Ω and a θ-symmetric and I-graded vector
space V, we define θKV,Ω as the Grothendieck group of
θQV,Ω. Namely
θKV,Ω is generated
by (L) for L ∈ θQV,Ω with the relation (L) = (L
′) + (L′′) when L ∼= L′ ⊕ L′′. This is a
Z[v, v−1]-module by v(L) = (L[1]) and v−1(L) = (L[−1]) for L ∈ θQV,Ω. Hence,
θKV,Ω
is a free Z[v, v−1]-module with a basis {(L) | L ∈ θPV,Ω}. For another θ-symmetric and
I-graded vector space V′ such that wtV = wtV′, we have θKV,Ω ∼=
θKV′,Ω. We define
θKΩ : =
⊕
V
θKV,Ω
where V runs over the isomorphism classes of θ-symmetric I-graded vector spaces. For
two θ-orientations Ω and Ω′, the Fourier transform induces an equivalence θQV,Ω →
θQV,Ω′
and the isomorphism θKV,Ω
∼
−→θKV,Ω′ . Therefore
θKΩ ∼=
θKΩ′.
We set θK = θKΩ,
θPV =
θPV,Ω. By Lemma 4.18, they are well-defined.
5.2. Actions of Ei and Fi. The functors Ei and F
(a)
i induce the action on
θKΩ.Since
Ei and Fi commute with the Fourier transforms, they also act on
θK. The submodule
θK ′ : =
∑
(i,a)Z[v, v
−1](θLi,a;Ω) ⊂
θK is stable by Ei and Fi by Proposition 4.11. We define
Ti|θKV,Ω = v
−(αi,wtV) idθKV,Ω .
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Proposition 5.1. The operators Ei, Fi and Ti (i ∈ I) regarded as operators on
θK ′ satisfy
EiFj − v
−(αi,αj)FjEi = δij + δθ(i),jTi
and
TiEjT
−1
i = v
(αi+αθ(i),αj)Ej , TiFjT
−1
i = v
(αi+αθ(i),−αj)Fj.
Proof. We take θ-symmetric I-graded vector spaces W,V,U and X such that wt(V) =
wt(W)+αj+αθ(j), wt(U) = wt(W)+αi+αθ(i) and wt(X) = wt(W)+αj+αθ(j)+αi+αθ(i).
We consider the following diagram:
D(θEW,Ω)
Fj //
Ei

D(θEV,Ω)
Ei

D(θEU,Ω) Fj
// D(θEX,Ω)
First, we have
EiFj
θLi,a;Ω = δij
θL(i,i,θ(i)),(0,a,0);Ω[ca]⊕ δθ(i),j
θL(θ(i),i,i),(0,a,0);Ω[caθ ]⊕
⊕
a′
θL(j,i,θ(j)),(1,a′,1);Ω[ca′ ],
where
ca = dimWi +
∑
i→η
dimWη − dimXi +
∑
i→ξ
dimXξ − 2M1((i, i, θ(i)), (0, a, 0)),
caθ = dimWθ(i) +
∑
θ(i)→η
dimWη − dimXi +
∑
i→ξ
dimXξ − 2M2m+1((θ(i), i, i), (0, a, 0)),
ca′ = dimWj +
∑
j→η
dimWj − dimXi +
∑
i→ξ
dimXξ − 2Mk+1((j, i, θ(j)), (1, a
′, 1)).
Here a′ runs over the sequences a(k) (1 ≤ k ≤ m, ik = i, θ(i)).
If i = j, we have ca = 0 by W = X and
M1((i, i, θ(i)), (0, a, 0)) =
∑
i→iℓ
aℓ =
∑
i→η
dimWη.
If θ(i) = j, we have
caθ =
∑
η→i
dimWη +
∑
i→η
dimWη − 2 dimWi = −(αi,wt(V))
by W = X,
M2m+1((θ(i), i, i), (0, a, 0)) =
∑
iℓ=i
aℓ = dimWi
and
∑
θ(i)→η dimWη =
∑
η→i dimWη.
On the other hand, we have
FjEi
θLi,a;Ω =
⊕
a′
θL(j,i,θ(j)),(1,a′,1);Ω[da′],
where
da′ = − dimUi +
∑
i→ξ
dimUξ + dimUj +
∑
j→η
dimUη − 2Mk(i, a
′).
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and a′ runs over the sequences a(k) (1 ≤ k ≤ m, ik = i, θ(i)).
We have
Mk+1((j, i, θ(j)), (1, a
′, 1))−Mk(i, a
′) =

1 + ♯{i
Ω
−→ θ(i)} (j = i)
0 (j = θ(i))
♯{i
Ω
−→ θ(j)} (j 6= i, θ(i))
and (
dimWj +
∑
j→η
dimWj − dimXi +
∑
i→ξ
dimXξ
)
−
(
− dimUi +
∑
i→ξ
dimUξ + dimUj +
∑
j→η
dimUη
)
=

2♯{i
Ω
−→ θ(i)} (j = i)
♯{i
Ω
−→ θ(i)}+ ♯{θ(i)
Ω
−→ i} (j = θ(i))
♯{i
Ω
−→ j}+ ♯{j
Ω
−→ i} + 2♯{i
Ω
−→ θ(j)} (j 6= i, θ(i))
.
Thus ca′ − da′ = −(αi, αj). We conclude
EiFj(
θLi,a;Ω)− v
−(αi,αj)FjEi(
θLi,a;Ω) = δij(
θLi,a;Ω) + δθ(i),jTi(
θLi,a;Ω).
The relations TiEjT
−1
i = v
(αi+αθ(i),αj)Ej and TiFjT
−1
i = v
(αi+αθ(i),−αj)Fj are obvious. 
5.3. Key estimates of coefficients. Let Ω be a θ-orientation and suppose that a vertex
i is a sink. For a θ-symmetric I-graded vector space V and r ∈ Z≥0, we define
θEV,Ω,r : =
x ∈ θEV,Ω
∣∣∣∣∣∣dimCoker
 ⊕
h∈Ω;in(h)=i
Vout(h) → Vi
 = r
 .
Then we have θEV,Ω = ⊔r≥0
θEV,Ω,r, and
θEV,Ω,≥r : = ⊔r′≥r
θEV,Ω,r′ is a closed subset of
θEV,Ω.
Definition 5.2. For L ∈ θPV and i ∈ I, choose a θ-orientation Ω such that i is a sink
with respect to Ω, and regard L as an element of θPV,Ω. We define εi(L) as the largest
integer r satisfying Supp(L) ⊂ θEV,Ω,≥r. This does not depend on the choice of Ω.
Note that 0 ≤ εi(L) ≤ dimVi.
We shall prove the following key estimates with respect to Fi(L) and Ei(L).
Theorem 5.3. Assume that θ-symmetric and I-graded vector spaces V and W satisfy
wtV = wtW + αi + αθ(i). Fix a θ-orientation Ω such that the vertex i is a sink.
(1) For L ∈ θPW,Ω, there exists a unique simple perverse sheaf L0 ∈
θPV,Ω such that
εi(L0) = εi(L) + 1 and
Fi(L) = [εi(L) + 1]v(L0) +
∑
L′∈θPV,Ω : εi(L′)>εi(L)+1
aL′(L
′)
for aL′ ∈ v
2−εi(L′)Z[v].
We define the map F˜i :
θPW
∼= θPW,Ω →
θPV,Ω
∼= θPV by F˜i(L) = L0. It does not
depend on the choice of Ω.
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(2) Let K ∈ θPV,Ω. If εi(K) > 0, there exists a unique simple perverse sheaf K0 ∈
θPW,Ω
such that εi(K0) = εi(K)− 1 and
Ei(K) = v
1−εi(K)(K0) +
∑
K ′∈θPW,Ω : εi(K ′)>εi(K)−1
bK ′(K
′)
for bK ′ ∈ v
−εi(K ′)+1Z[v]. Here we regard K0 = 0 if εi(K) = 0.
We define the map E˜i :
θPV
∼= θPV,Ω →
θPW,Ω ⊔ {0} ∼=
θPW ⊔ {0} by E˜i(K) = K0 if
εi(K) > 0 and E˜i(K) = 0 if εi(K) = 0. It does not depend on the choise of Ω.
Proof. (1) We consider the diagram
θEW,Ω
θE′Ω p2
//
p1
oo θE′′Ω p3
// θEV,Ω.
Since i is a sink, we have p−11 (
θEW,Ω,r) = p
−1
2 p
−1
3 (EV,Ω,r+1) for any integer r. Especially,
for L ∈ θPW,Ω, p3p2(p
−1
1 SuppL) ⊂
θEV,Ω,≥εi(L)+1. For r, set
θE′′Ω,r = p
−1
3 (
θEV,Ω,r). Then
p−12 (
θE′′Ω,r) = p
−1
1 (
θEW,Ω,r−1). We set
θE′′Ω,≤r : = ∪r′≤r
θE′′Ω,r′. Then
θE′′Ω,≤r is an open subset
of θE′′Ω. If p3(x, V ) = x ∈
θEV,Ω,r, Vi is a one-codimensional subspace of Vi which contains
the (dimVi − r)-dimensinal subspace
∑
in(h)=i Im xh of Vi. Therefore
θE′′Ω,r →
θEV,Ω,r is
a Pr−1-bundle. For L ∈ θPW,Ω, there is a unique simple perverse sheaf L
′′ ∈ D(θE′′Ω) such
that p∗1L[dp1 − dp2] = p
∗
2L
′′ and (p3)∗L
′′ = Fi(L). For x ∈
θEV,Ω,εi(L)+1, the action of the
stabilizer θGV,x ⊂
θGV of x on p
−1
3 (x) is transitive. Since L
′′ is θGV-equivariant, L
′′ is a
constant sheaf on any fibers of p3 over
θEV,Ω,εi(L)+1.
We restrict L′′ to the open subset θE′′Ω,≤εi(L)+1. There exists a nuique simple perverse sheaf
J0 on
θEV,Ω,≤εi(L)+1 such that L
′′|θE′′
Ω,≤εi(L)+1
= p∗3J0[εi(L)]. Hence (p3)∗L
′′|θE′′
Ω,≤εi(L)+1
=
(p3)∗p
∗
3J0[εi(L)] = [εi(L) + 1]vJ0. Let L0 be the minimal extension of J0. Then L0 is a
simple perverse sheaf on θEV,Ω. Since FiL is semisimple, we have
Fi(L) = [εi(L) + 1]v(L0) +
∑
aL′(L
′),
where L′ ∈ θPV,Ω satisfies Supp(L
′) ⊂ θEV,Ω,>εi(L)+1, or εi(L
′) > εi(L).
To prove aL′ ∈ v
2−εi(L
′)Z[v], we restrictRHom((p3)∗L
′′, L′) to the open subset θEV,Ω,≤εi(L′).
Write FiL = ⊕J∈θPV,ΩJ ⊗ MJ , where MJ ∈ D(pt) is the multiplicity space of J in the
expansion of FiL. Then
RHom((p3)∗L
′′, L′)|θE
V,Ω,≤εi(L
′)
=
⊕
J
RHom(J, L′)|θE
V,Ω,≤εi(L
′)
⊗M∗J
⊃ RHom(L′, L′)|θE
V,Ω,≤εi(L
′)
⊗M∗L′,
On the other hand, since p3 is aP
εi(L′)−1-bundle on θEV,Ω,εi(L′) and Supp(L
′)∩θEV,Ω,≤εi(L′) ⊂
θEV,Ω,εi(L′), we have
RHom((p3)∗L
′′, L′)|θE
V,Ω,≤εi(L
′)
= (p3)∗RHom(L
′′, p!3L
′)|p−13 (θEV,Ω,≤εi(L′))
= (p3)∗RHom(L
′′, p∗3L
′[εi(L
′)− 1])|p−13 (θEV,Ω,≤εi(L′))
[εi(L
′)− 1].
Since p∗3L
′[εi(L
′)− 1]|p−13 (θEV,Ω,≤εi(L′))
is a perverse sheaf, we have
RHom(L′′, p∗L′[εi(L
′)− 1])|p−13 (θEV,Ω,≤εi(L′))
∈ D≥0
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by Lemma 2.16. Moreover since Supp(L′′) ) Supp(p∗3L
′), we have
H0(RHom(L′′, p∗3L
′[εi(L
′)− 1])|p−13 (θEV,Ω,≤εi(L′))
) = 0.
Therefore RHom(L′′, p∗L′[εi(L
′)−1])|p−13 (θEV,Ω,≤εi(L′))
∈ D>0(pt) and its direct image of p3
is contained in D>0. Thus we obtain RHom((p3)∗L
′′, L′)|θE
V,≤εi(L
′)
∈ D>1−εi(L
′).
SinceH0(RHom(L′, L′)) 6= 0, we concludeM∗L′ ∈ D
>1−εi(L′)(pt). Hence aL′ ∈ v
2−εi(L′)Z[v].
(2) Recall the following diagram:
ET,Ω ×
θEW,Ω
θE(W,V)Ω
poo   ι // θEV,Ω .
Since i is a sink, for a fixed xW ∈
θEW,Ω, x ∈
θEV,Ω is uniquely determined by the
condition that U is x-stable and x induces xW on U/U
⊥ ∼= W. Therefore we have
θEW,Ω ∼=
θE(W,V)Ω. We have a section s of p1 :
θE′Ω →
θEW,Ω by xW 7→ (x, U, ϕW)
where ϕW : U/U
⊥ ∼= W is a given isomorphism of θ-symmetric I-graded vector spaces.
We consider the following diagram:
θE′Ω
p1

q : =p3◦p2 // θEV,Ω
θEW,Ω
∼ //
s
EE
θE(W,V)Ω
ι
OO
For K ∈ θPV,Ω, we have EiK = s
∗q∗K[− dimWi]. Assume that εi(K) > 0. Since
Supp(K) ⊂ θEV,Ω,≥εi(K), K|θEV,Ω,εi(K) is a simple perverse sheaf. Since q is smooth
on θEV,Ω,εi(K), the restriction q
∗K[dq]|q−1(θEV,Ω,εi(K)) is a
θGV-equivariant perverse sheaf,
where dq is the fiber dimension of q on
θEV,Ω,εi(K). Note that p1 is an affine bundle on
θEW,Ω,εi(K)−1. If x ∈
θE(W,V)Ω induces xW ∈
θEW,Ω,εi(K)−1, the stabilizer
θGV acts tran-
sitively on the fiber of p1 at xW. Thus q
∗K[dq]|q−1(θEV,Ω,εi(K)) is constant on any fibers of
p1. Hence s
∗q∗K[dq − dp1]|θEW,Ω,εi(K)−1
is a simple perverse sheaf. Here
dp1 − dq = dp1 − dp2 − (εi(K)− 1) = dimWi + 1− εi(K).
Therefore we obtain
Ei(K) = v
1−εi(K)(K0) +
∑
K ′∈θPW,Ω : εi(K ′)>εi(K)−1
bK ′(K
′),
where K0 is the minimal extension of s
∗q∗K[dq − dp1]|θEW,Ω,εi(K)−1
.
We shall prove bK ′ ∈ v
1−εi(K ′)Z[v].
Since q∗K[− dimWi] and p
∗
1EiK are constant along the fibers of p1, and s
∗q∗K[− dimWi] =
s∗p∗1EiK, we obtain q
∗K[− dimWi] = p
∗
1EiK. We have q
∗K[− dimWi] = ⊕K ′′p
∗
1K
′′ ⊗MK ′′,
whereMK ′′ is the multiplicity space ofK
′′ in EiK. Since there is a unique semisimple object
LK ′′ ∈ D(
θE′′Ω) such that p
∗
1K
′′ = p∗2LK ′′ , we have p
∗
2p
∗
3K[− dimWi] = ⊕K ′′p
∗
2LK ′′ ⊗MK ′′ .
We obtain p∗3K[− dimWi] = ⊕K ′′LK ′′ ⊗MK ′′.
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Therefore we have
⊕K ′′RHom(LK ′′ |θE
V,Ω,≤εi(K
′)+1
, LK ′|θE
V,Ω,≤εi(K
′)+1
)⊗M∗K ′′
= RHom(p∗3K[− dimWi]|p−13 (θEV,Ω,≤εi(K′)+1)
, LK ′|p−13 (θEV,Ω,≤εi(K′)+1)
)
= RHom(K[− dimWi]|θE
V,Ω,≤εi(K
′)+1
, (p3)∗LK ′|θE
V,Ω,≤εi(K
′)+1
)
= RHom(K[− dimWi]|θE
V,Ω,≤εi(K
′)+1
, Fi(K
′)|θE
V,Ω,≤εi(K
′)+1
[− dimWi])
= RHom(K|θE
V,Ω,εi(K
′)+1
, Fi(K
′)|θE
V,Ω,≤εi(K
′)+1
).
By the claim of (1), FiK
′|θE
V,Ω,≤εi(K
′)
= [εi(K
′)+1]vF˜iK
′|θE
V,Ω,≤εi(K
′)+1
∈ pD≥−εi(K
′)(θEV,Ω,≤εi(K ′)+1).
Since Supp(K) ( Supp(FiK
′), we have RHom(K|θE
V,Ω,≤εi(K
′)+1
, Fi(K
′)|θE
V,Ω,≤εi(K
′)+1
) ∈
D≥1−εi(K
′). ThereforeRHom(LK ′, LK ′)⊗M
∗
K ′ ∈ D
≥1−εi(K
′), which impliesM∗K ′ ∈ D
≥1−εi(K
′).
Hence bK ′ ∈ v
1−εi(K
′)Z[v] is proved.
In the case εi(K) = 0, we can prove similarly bK ′ ∈ v
1−εi(K ′)Z[v]. 
Lemma 5.4. Suppose wtV 6= 0. For any L ∈ θPV,Ω, there exists i ∈ I such that
εi(L) > 0.
Proof. If V 6= {0}, there exists an integer d, i = (i1, . . . , i2m) and a such that L[d] appears
in a direct summand of θLi,a;Ω. We may assume a1 > 0. Then, taking Ω such that i1
is a sink, we have Supp(L) ⊂ Supp(θLi,a;Ω) ⊂
θEV,Ω,≥1. By the definition of εi, we have
εi1(L) 6= 0. 
Lemma 5.5. For L ∈ PV, we have E˜iF˜i(L) = (L), and if E˜i(L) 6= 0, we have F˜iE˜i(L) =
L.
Proof. We assume that i is a sink.
Recall the following diagram:
θE′Ω
p1

q : =p3◦p2 // θEV,Ω
θEW,Ω
∼ //
s
EE
θE(W,V)Ω
ι
OO
For L ∈ θPW,Ω, take simple perverse sheaf L
′′ ∈ D(θE′′Ω) such that p
∗
1L[dimWi] =
p∗2L
′′ and (p3)!L
′′ = FiL, then (p3)!L
′′ ∼= [εi(L) + 1]vF˜iL on
θEV,Ω,≤εi(L)+1. On the other
hand, since L′′ ∼= p∗3F˜iL[εi(L)] on p
−1
3 (
θEV,Ω,≤εi(L)+1), we have q
∗F˜iL ∼= p
∗
2L
′′[−εi(L)] =
p∗1L[dimWi − εi(L)] on p
−1
1 (
θEW,Ω,≤εi(L)). Then we have s
∗q∗F˜iL = L[dimWi − εi(L)] on
θEW,Ω,≤εi(L)+1. Note that EiF˜iL = s
∗q∗F˜iL[− dimWi]. We obtain Ei(F˜iL) = L[−εi(L)]
on θEW,Ω,≤εi(L). Hence E˜iF˜i(L) = (L).
Conversely, take K ∈ θPV,Ω such that εi(K) > 0. By the similar argument in the proof
of Theorem 5.3(2), we have p∗1EiK = q
∗K[− dimWi]. Hence we obtain p
∗
1E˜iK[dimWi] =
q∗K[εi(K)− 1] on p
−1
1 (
θEW,Ω,εi(K)−1). Since p
∗
3K[εi(K)− 1] is a simple perverse sheaf on
p−13 (
θEV,Ω,εi(K)), we have FiE˜iK = (p3)∗p
∗
3K[εi(K)−1] = [εi(K)]vK on
θEV,Ω,≤εi(K). Then
we have F˜iE˜i(K) = (K). 
5.4. Verdier duality functor. The Verdier duality functor D : D(θEV,Ω) → D(
θEV,Ω)
satisfies D(L[d]) = D(L)[−d] for L ∈ D(θEV,Ω), d ∈ Z. Then D induces the involution
v±1 7→ v∓1.
Proposition 5.6.
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(i) D(θLi,a;Ω) =
θLi,a;Ω[2 dim
θF˜i,a;Ω].
(ii) For any L ∈ θQV,Ω, we have D(FiL) = FiD(L).
(iii) For any L ∈ θPV,Ω, we have D(L) ∼= L.
Proof. (i) and (ii) follow from the general property of the Verdier duality functor (see
Lemma 2.15).
To prove (iii), we use the induction on wtV.
When wtV = 0, the claim is clear by θPV,Ω = {1pt} and D(1pt) = 1pt.
Suppose wtV 6= 0. By Lemma 5.4, there exists i such that εi(L) > 0. We shall prove
D(L) = L by the descending induction on εi(L). By Theorem 5.3 and Lemma 5.5, we have
Fi(E˜iL) = [εi(L)]v(L) +
∑
L′∈θPV,Ω : εi(L′)>εi(L)
aL′(L
′).
By the induction hypothesis on wtV, D(E˜iL) = E˜iL. Hence the lefthand side is D-
invariant by (ii). We restrict Fi(E˜iL) on the open subset
θEV,Ω,≤εi(L). Then it is isomorphic
to [εiL]v(L)|θEV,Ω,≤εi(L)
and D-invariant. Since L is the minimal extension of L|θEV,Ω,≤εi(L)
,
L is D-invariant. 
Remark 5.7. By the result of (iii), we have aL′(v) = aL′(v
−1) in Theorem 5.3 (1).
Lemma 5.8. For L ∈ θPV,Ω, we have
F
(a)
i (L) =
[
εi(L) + a
a
]
v
(F˜ ai L) +
∑
L′ : εi(L′)>εi(L)+a
cL′(L
′)
with cL′ ∈ Z[v, v
−1].
Proof. We shall prove the claim by the induction on a. If a = 1, the claim follows from
Theorem 5.3. If a > 1, by the induction hypothesis and Theorem 5.3, we have
FiF
(a)
i (L) =
[
εi(L) + a
a
]
v
Fi(F˜
a
i L) +
∑
L′ : εi(L′)>εi(L)+a
cL′Fi(L
′)
= [a + 1]v
[ εi(L) + a+ 1
a+ 1
]
v
(F˜ a+1i L) +
∑
L′′ : εi(L′′)>εi(L)+a+1
dL′′(L
′′)
 ,
where dL′′ ∈ Q(v). Hence
F
(a+1)
i L =
[
εi(L) + a + 1
a+ 1
]
v
(F˜ a+1i L) +
∑
L′′ : εi(L′′)>εi(L)+a+1
dL′′(L
′′).
On the other hand, since F
(a+1)
i L = 1Sa+1i
∗ L[da+1] is semisimple, we conclude dL′′ ∈
Z[v, v−1]. 
Proposition 5.9. We have θK =
∑
Z[v, v−1]F
(a1)
i1
· · ·F
(ak)
ik
1{pt}.
Proof. For L ∈ θPV,Ω such that wtV 6= 0, there exists i such that εi(L) > 0. We shall
prove that (L) is contained in
∑
Z[v, v−1]F
(a1)
i1
· · ·F
(ak)
ik
1{pt} by the induction on wtV and
the descending induction on εi(L). We have
F
(εi(L))
i (E˜
εi(L)
i L) = (L) +
∑
L′∈θPV,Ω : εi(L′)>εi(L)
cL′(L
′)
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by Lemma 5.8 and Lemma 5.5. By the induction hypothesis, we have cL′(L
′) and E˜
εi(L)
i L
are contained in
∑
Z[v, v−1]F
(a1)
i1
· · ·F
(ak)
ik
1{pt}. Thus (L) ∈
∑
Z[v, v−1]F
(a1)
i1
· · ·F
(ak)
ik
1{pt}.

5.5. Main Theorem. Let us recall
θK ′ : =
∑
(i,a)
Z[v, v−1](θLi,a;Ω) =
∑
Z[v, v−1]F
(a1)
i1
· · ·F
(ak)
ik
1{pt} ⊂
θK.
Theorem 5.10.
(i) θK = θK ′.
(ii) For L ∈ θPV, we define wt(L) = −wtV. Then (wt, E˜i, F˜i, εi) gives a crystal struc-
ture on θP : = ⊔V
θPV in the sence of section 2.3. Here V runs over all isomorphism
classes of θ-symmetric I-graded vector spaces.
(iii) Let L be the A0-submodule
∑
(L)∈θP A0(L) of
θK. Then {(L) mod vL|L ∈ θP} gives
a crystal basis of θK. Especially, the actions of modified root operators E˜i and F˜i on
L/vL are compatible with the actions of E˜i and F˜i on
θP introduced in Theorem 5.3.
Proof. (i) is nothing but Proposition 5.9.
(ii) By the definition of εi(L), F˜i and E˜i, and Lemma 5.5, we conculde that (wt, E˜i, F˜i, εi)
gives a crystal structure on θP : = ⊔V
θPV in the sence of section 2.3(i)-(iv). By the
estimates in Theorem 5.3, the actions of Ei and Fi on (L) (L ∈
θP) satisfy the conditions
2.1-2.6 in section 2.3. Thus we obtain the claim.
(iii) follows from Theorem 2.14. 
Lemma 5.11. We have {v ∈ θK | Eiv = 0 for any i ∈ I} = Z[v, v
−1]1{pt}.
Proof. Suppose that Ei (
∑
aL(L)) = 0 for any L. Then aL ∈ v
cZ[v] for some c. Put
a˜L = v
−caL ∈ Z[v]. By the definition of the modified root operators and Theorem 5.10(iii),
we have E˜i (
∑
a˜L(L)) = 0. Specializing v to 0, we have a˜L(0) = 0 if E˜iL 6= 0. But for any
L such that wt(L) 6= 0, there exists i ∈ I such that εi(L) > 0. Hence we obtain a˜L ∈ vZ[v]
and hence aL ∈ v
c+1Z[v]. By the induction on c, we have aL ∈ v
cZ[v] for any c. Thus we
conclude aL = 0 for wt(L) 6= 0. 
Theorem 5.12.
(i) θK ⊗Z[v,v−1] Q(v) ∼= Vθ(0) as a Bθ(g)-module. The involution induced by the Verdier
duality functor coincides with the bar involution on Vθ(0).
(ii) {(L) | L ∈ θP} gives the lower global basis on Vθ(0).
Proof. (i) By Proposition 5.1, to check the defining relations of Bθ(g), we only need to
prove the v-Serre relations. Put
Se =
b∑
k=0
(−1)kE
(k)
i EjE
(b−k)
i , Sf =
b∑
k=0
(−1)kF
(k)
i FjF
(b−k)
i
and note that FkSe = SeFk and EkSf = SfEk for any k ∈ I.
Since θKΩ is generated by F
(n)
k ’s from φ : = 1{pt} and Seφ = 0, we have Sev = 0 for
any v ∈ θKΩ. We show Sf (L) = 0 for any L ∈
θPV,Ω by the induction on wtV. If
wt(Sf (L)) 6= 0, we have we have EkSf(L) = SfEk(L) = 0 for any k ∈ I by applying
the induction hypothesis to Ek(L). Since wt(Sf(L)) 6= 0, we have Sf(L) = 0 by Lemma
5.11. Hence θK is a Bθ(g)-module. Note that Ti1{pt} = 1{pt} for any i ∈ I. We conclude
θK ∼= Vθ(0) by Lemma 5.11 and the characterization of Vθ(0) in Proposition 2.10.
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(ii) We already know that L =
∑
L∈θP A0(L) is a crystal lattice and {(L) mod vL} is a
basis of L/vL. Note that
∑
L∈θP Z[v, v
−1](L) is stable under the actions of Ei’s and F
(a)
i ’s
by Lemma 5.8 and L is D-invariant, namely bar-invariant. Moreover {(L) | L ∈ θP} is a
basis of the A0-module L and also a basis of the Z[v, v
−1]-module θK. Hence we conclude
that {(L) | L ∈ θP} gives the lower global basis on Vθ(0). 
Corollary 5.13. For any Kac-Moody algebra g with a symmetric Cartan matrix, the Bθ(g)-
module Vθ(0) has a crystal basis and a lower global basis, namely Conjecture 2.11 and
Conjecture 2.12 is true if λ = 0.
Example 5.14. Let us consider the case g = sl3, I = {±1} and θ(i) = −i. Fix a θ-
symmetric orientation −1
Ω
−→ 1. For a θ-symmetric I-graded vector space V such that
wt(V) = n(α−1+α1),
θEV,Ω is the set of skew symmetric matrix x of size n. Its
θGV-orbits
are parametrized by the rank 2r (0 ≤ r ≤ ⌊n
2
⌋) of x. We denote Onr by the orbit consisting
of n×n skew symmetric matrices x of rank 2r. Note that any simple local system on each
θGV-orbit is trivial. Let us denote IC
n
r by the simple perverse sheaves corresponding to
the orbit Onr . Note that ε1(IC
n
r ) = n− 2r.
Let W be a θ-symmetric I-graded vector space such that wt(W) = (n− 1)(α−1+α1). We
consider the diagram:
θEW,Ω
θE′Ω p2
//
p1
oo θE′′Ω p3
// θEV,Ω.
Note that the fibers of p3 on O
n
r is isomorphic to P
n−1−2r. Then
F1(IC
n−1
r ) = [n− 2r]v(IC
n
r ) +
r−1∑
k=0
ak,n(IC
n
k)
where ak,n ∈ v
2−n+2kZ[v]. We obtain the crystal graph:
IC40
1 //
−1
// IC50 · · ·
IC20
1 //
−1
// IC30
1 66mmmmmm
−1
QQ
((QQ
IC00
1 //
−1
// IC10
1 66mmmmmm
−1 ((
QQQ
QQQ
IC41
1 //
−1
// IC51 · · ·
IC21
1 //
−1
// IC31
1mmm
66mmm
−1 ((
QQQ
QQQ
IC42
1 //
−1
// IC52 · · ·
Therefore we recover the crystal graph parametrized by ”θ-restricted multi-segments” in
[EK2, Example 4.7 (1)].
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